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ABSTRACT
This thesis is concerned with the stability of inclined boreholes. It addresses the 
mechanical stability of a wellbore as a function of time while also considering the impacts 
of chemical osmosis, temperature differences between the drilling mud and formation, and 
the introduction of an impermeable filter cake on the state-of-stress near the wellbore. 
The stress and pore pressure expressions are derived for the general case of an arbitrarily 
inclined wellbore subjected to three, unequal, in-situ stresses. It is assumed that the 
material is the linearly poroelastic and the stress and pore pressure expressions are found 
by solving the three-dimensional problem using the concept of generalized plane strain. 
This allows the problem to be decomposed into a poroelastic plane strain, elastic antiplane, 
and elastic uniaxial problem. There are three sets of equations developed; namely 
the poroelastic, chemo-poroelastic, and poro-thermoelastic equations. The poroelastic 
equations are representative of drilling in a fluid-saturated, porous, chemically-inert rock 
under isothermal conditions. The fully-coupled chemo-poroelastic expressions are also 
valid under isothermal conditions but take into account the differences in the activities of 
the water phases of the formation and drilling mud. The poro-thermoelastic expressions are 
developed by coupling the effects of pore fluid expansion (contraction) to rock deformation. 
The poro-thermoelastic expressions are applicable when there is a temperature difference 
between the rock and drilling mud and when the effects of thermal osmosis can be neglected.
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The stress and pore pressure expressions are derived (for both a permeable and 
impermeable wall) and are used to develop a wellbore stability design code. The model 
evaluates for tensile and shear failure by applying either the poroelastic, chemo-poroelastic, 
or poro-thermoelastic solution (chosen by user) at a specific borehole orientation. The 
model enables the user to choose either the Mohr-Coulomb or Drucker-Prager shear failure 
criteria and is capable of analyzing for failure inside the rock. The output generated by the 
model represents a safe operating zone, which corresponds to the range of mud weights 
that can be used to avoid shear and tensile failure at a given wellbore trajectory. Several 
numerical examples are used to examine the effects of time, chemical osmosis, and thermal 
loading on wellbore failure at the wall and inside the rock. The results indicate that, in 
general, as time increases the potential for shear and tensile failure also increase. In addition, 
radial spalling is initiated inside the rock (near the wellbore) at low mud weights that 
requires a minimum mud weight to overcome. The numerical examples further indicate that 
chemical osmosis and thermal loading significantly alter the near wellbore pore pressure and 
stresses which may lead to time-delayed failure.
A parametric analysis is also conducted to ascertain the sensitivity of the near wellbore 
stress and pore pressure to various input coefficients. The parametric study reveals that 
determining the Poisson’s ratio, undrained Poisson’s ratio, Biot’s constant, Skempton’s 
pore pressure constant, intrinsic formation permeability, water activity of both the drilling 
mud and pore fluid, and the thermal diffusivity are critical to determining the mud weight 




Products such as gasoline, motor oil, and plastics constitute a major portion of 
consumable products used in daily life. These items are all derived from hydrocarbons 
w hich form naturally in the subsurface due to the decomposition of organic matter. Pressure 
differences within the subsurface cause the hydrocarbons to migrate so that they may 
become trapped structurally, lithologically, or more commonly due to a combination of the 
two. This leads to pooling of the hydrocarbons at specific locations. A collection of many 
hydrocarbon pools is commonly referred to as a hydrocarbon field.
The extraction of most petroleum reserves will require drilling through shale. This is 
because shales are typically found in sedimentary sequences but also because shale usually 
provides the impermeable barrier needed to accumulate hydrocarbons. The problem is that 
drilling through shale can be quite challenging because the process of drilling causes a 
pertubation of the shale chemical, electrical, thermal, and hydraulic equilibria. This leads 
to the development of gradients that can yield considerable pore pressure and stress changes 
near the wellbore which results in rock deformation. This increases the possibility of 
wellbore instability, which is manifested by stuck pipe, drilling fluid loss, or excessive 




To further complicate things, the depletion of many onshore reserves has mandated 
offshore drilling ventures by the petroleum industry. These offshore developments demand 
the use of large platforms for housing and production facilities and require a high initial 
capital investment for construction and installation costs. Therefore, it is necessary to 
drill multiple inclined and extended reach boreholes from a strategically-placed platform, 
similar to the one depicted in Figure 1. However, inclined and extended reach wellbores 
are generally less stable than are vertical wellbores under normally-stressed conditions 
(Bradley, 1979). Therefore, it can be expected that incidences of borehole failure will 
rise during the drilling of offshore wells, which can lead to increased downtime and costs. 
Hence, the petroleum industry is seeking ways to alleviate these costs. Since shales 
represent greater than 75% of the total annual drilled length (Mody and Hale, 1993), a 
borehole stability model for shales is needed. The primary objective of this thesis is to 
develop a model that can be used to analyze for failure in shales as well as any other rocks 
that may be encountered in drilling operations.
Overview of Drilling
Most drilling is performed using rotary drilling that utilizes a conventional drill 
mounted on a derrick or coiled tubing. The process involves drilling a hole by placing 
a drill bit on a rotating drillstring that is nested in a column of drilling mud, as depicted in 
Figure 2. The spinning action of the bit cuts the rock, creating rock fragments (cuttings) 
which are flushed to the surface by a circulating mud. The mud is pressurized and forced 
down through the drillstring and bit and up through the annular space between the drillstring 
and hole. The cuttings are then separated from the mud at the surface and the fluid
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Figure 1. Multiple wellbores drilled from an offshore platform.
is recirculated into the hole. The entire procedure is labor intensive and requires many 
truckloads of equipment including drilling equipment, circulating pumps, mud tanks, mud 
mixing facilities, well control equipment, and a variety of miscellaneous tools. Therefore, 
shutdowns due to wellbore instability can be quite costly.
The choice of drilling fluid is also of critical importance in any drilling operation. In 
addition to transporting the cuttings, the drilling fluid is responsible for cooling the bit and 
keeping the hole open until steel casing can be cemented in the hole. There are basically 
three types of drilling mud that are widely used by the drilling industry, namely oil-based 
muds (OBM’s), synthetic-based muds (SBM’s), and water-based muds (WBM’s). Of these, 
WBM’s are by far the most widely used due to their low cost and low toxicity. However, 
WBM’s lack performance while drilling in water-sensitive rocks such as shale (van Oort et
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al., 1996). Historically, OBM’s have been used while drilling in shales because of their 
superior shale stabilizing properties (Hale and Mody, 1992). In most Gulf of Mexico 
applications, OBM’s typically consist of an oil and brine emulsion littered with various 
additives (Veil et al., 1996). This chemical composition makes OBM’s very toxic, especially 
in environmentally sensitive areas where many of today’s drilling operations have been 
focused. Thus, due to environmental concerns and cleanup costs, the use of OBM’s has 
been limited to drilling operations where the use of WBM’s is technically impossible or 
uneconomical.
Macroscopic Transport Processes at the Shale/Drilling Fluid Interface
Shales are fine-grained, heterogeneous sedimentary rocks that form due to the 
compaction of clay, silt, or mud. This produces a finely laminated structure which 
causes the shale to be “transversely anisotropic”, meaning that rock properties vary in 
two directions. The composition of shales can range from weak, clay-rich gumbos to 
highly cemented, shaly siltstones consisting only partly of clay. They can be highly porous 
yet they frequently exhibit a low permeability (on the order of 10-9 darcys) due to their 
laminated structure. Avoiding failure while drilling through shale has long been a concern 
of the petroleum industry because shale accounts for over 90% of the annual incidences of 
borehole instability (Mody and Hale, 1993). This is primarily because drilling a wellbore 
leads to the development of hydraulic, chemical, electrical, and thermal gradients between 
the drilling mud and shale (see Figure 3). Therefore, to avert borehole failure it is beneficial 
to identify the driving forces that induce fluid flow into the shale. These consist of four 
fundamental driving forces: (1) a hydraulic potential, (2) chemical potential, (3) electrical
5
Figure 2. Conventional drilling operation.
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Figure 3. Hydraulic, chemical, and temperature gradients acting on the borehole/formation 
system.
potential, and (4) temperature potential. It should be noted that in this thesis, only the 
hydraulic, chemical, and thermal potentials are considered.
The movement of hydrated solutes/ions from the wellbore into the shale is considered 
to be a primary cause of shale instability during drilling (Hale and Mody, 1992). The 
transport process is governed by the chemical composition of the drilling fluid and the 
pore fluid as well as the amount and distribution of water in the shale (Santos et al., 1996). 
The invasion of mud filtrate into the shale increases the near wellbore pore pressure and 
stresses and causes an expansion of the interlayer spacing between clay layers. This is 
manifested through shale swelling, which can reduce the diameter of the borehole or cause 
disintegration of the formation and a subsequent loss of wellbore integrity. This can increase 
the viscosity of the drilling mud due to the addition of clay particles (Sherwood and Bailey, 
1994) and may lead to a breakdown of the mud-pumping equipment. In addition, the 
adsorption of substantial amounts of fluid can also change the magnitude of the elastic 
modulus of the rock as well as significantly decrease the strength of the rock (Chenevert,
1970).
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In high permeability rocks, the movement of fluid into the formation is dominated 
by hydraulic transport so that the contribution from the other driving forces become 
insignificant. The net movement of water is governed strictly by the wellbore pressure 
pw and the near wellbore pore pressure p. For example, during overbalanced drilling 
operations (pw > p0) the net fluid flow is into the formation, resulting in shale hydration. 
On the other hand, if pw <  pa (i.e., underbalanced drilling) net fluid flow is out of the 
formation and there is potential for shale strengthening (van Oort et al., 1995). In general, 
a hydraulic overbalance is required during drilling to avert borehole collapse. However, 
in permeable formations the invasion of drilling mud can lead to irreversible formation 
damage (McLennan et al., 1989), which can significantly lower hydrocarbon production. 
Thus, in many instances it is desirable to develop a filter cake on the wall to prevent fluid 
flow into the formation and curtail formation damage yet still provide mechanical support. 
The filter cake acts as an impermeable boundary condition that has been imposed on the 
wellbore wall that must be considered when calculating the stresses and pore pressure near 
the wellbore.
While drilling in low permeability rocks, the chemical and temperature pot - tials may 
be several times larger than the hydraulic potential (\bung and Low, 1965). Thus, while 
drilling in shales the effects of these processes should be considered. The processes may 
alter the near wellbore pore pressure due to: (i ) differences in the water activities of the 
drilling fluid and pore fluid (i.e., chemical osmosis), and (i i ) a temperature difference
between the mud and formation.
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The influx of water into shales due to a chemical potential has been well documented 
(Young and Low, 1965; Kemper and Rollins, 1966; Fritz, 1986). These investigators have 
reported that shales behave like an osmotic membrane in which flow is driven by a chemical 
concentration contrast between the drilling fluid and pore fluid. This chemical contrast can 
be characterized by a chemical potential, which is defined mathematically as (Sherwood 
and Bailey, 1994):
Pu> pVw ~b RT In. ciw T fi0 (1)
where Vw is the partial molar volume of water, R is the universal gas constant, T  is the 
temperature, aw is the water activity of the fluid, and jiQ is the chemical potential in the 
reference state. The chemical potential given in the above expression can then be calculated 
for the shale pore fluid, and for the aqueous phase of the drilling fluid, If /i™ >
an osmotic flow into the formation will occur. Conversely, if n™ <  net flow will be out 
of the formation. In the context of wellbore stability, it is desirable to manipulate the activity 
of the mud so as to inhibit the flow of water into the rock or induce flow out of the formation. 
This can be accomplished by increasing the mud salinity, which lowers the activity a™ of the 
mud and, consequently, lowers the chemical potential of the mud. However, increasing the 
salinity beyond an optimum value can generate excessive shear stresses and may have an 
adverse effect on borehole stability (Mody and Hale, 1993; Ghassemi et al., 1999). It should 
be noted that in this thesis, the effects of ion transfer are neglected. Thus, the shale is treated 
as an “ion exclusive” membrane where only the flow of water is permitted. However, to 
account for the variations in the flow of water due to membrane imperfections, the reflection
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coefficient ^  (e.g., Staverman, 1952) has been implemented. The range of 3? is [0,1], with 
the upper value indicating 100% efficiency (i.e., higher fluid flow).
In many drilling situations, there is also a significant temperature difference between 
the drilling mud, Tw, and formation, Ta. In particular, near the bottom of the hole, ihe 
temperature of the mud may be significantly lower than that of the formation. This leads to 
thermal contraction of both the pore fluid and rock. On the other hand, in the upper portion 
of the wellbore the temperature of the mud may exceed the temperature of the formation. 
In this case, since the pore volume of the rock is typically confined at depth, there is a pore 
pressure generation due to differential thermal expansion of the matrix and pore fluid. This 
can occur as gradual deepening of the borehole leads to heating of the drilling mud. In 
fact, it has been documented in the field (Pickens et ah, 1987) that the near wellbore pore 
pressure can be increased by as much as 1 MPa per 1 °C temperature change. There may be 
other thermally-induced phenomena that occur at the shale/mud interface (e.g., convective 
heat transport by the pore fluid, thermal osmosis, etc.). However, these phenomena are 
not examined in this thesis because they are negligible in low permeability media and for 
simplicity in the derivation of the stress and pore pressure expressions.
Literature Review
The problem of analyzing for failure around circular openings is germane to geological, 
mining, and petroleum engineering as well as many other disciplines. During the last decade 
and a half, there has been a renewed interest in the problem of stability of circular openings 
due primarily to the increasing number of technical challenges encountered by the oil and 
gas industries in offshore drilling operations.
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In its broadest sense, borehole instability can be described as a reaction of the rock 
near an opening in response to the introduction of the hole. The response is dependent 
on the mechanical and chemical interaction between the wellbore fluid and the formation. 
The principal factors controlling stability are rock strength, initial stress state, and induced 
stresses and pore pressure resulting from hydraulic, chemical, and thermal loading. Based 
strictly on mechanical considerations, borehole instabilities can be classified into the 
following three classes (Bradley, 1979):
(1) hole size reduction due to the plastic flow of rock into the wellbore
(2) hole enlargement due to brittle failure of the rock
(3) tensile splitting of the rock due to excessive wellbore pressurization
In order to analyze for failure, the stress distribution around the wellbore must be 
determined. The stress distribution around an inclined wellbore cannot be directly obtained 
(mathematically) using plane strain considerations due to the introduction of additional 
shear stress components with borehole inclination. Fortunately, to account for this, the 
concept of generalized plane strain can be used to decompose the three-dimensional problem 
into three separate, mathematically treatable problems. The complete solution consists of 
the superposition of Kirsch’s solution, the solution of an internally pressurized hole, and the 
antiplane solution. Kirsch’s solution for a vertical borehole is well known and can be found 
in the literature (e.g., Jaeger and Cook, 1979). The antiplane problem was first solved by 
Filon (1937) in terms of Barenblatt and Cherepanov’s function and was later reformulated 
by Hashin and Rosen (1964) using a simple displacement approach. The solution of an 
internally pressurized hole in a porous media is the essence of this thesis.
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There have been numerous wellbore stability investigations carried out using the elastic 
approach, e.g., Daneshy (1973), Bradley (1979), Aadnoy and Chenevert (1987), and Hsaio 
(1987). These traditional borehole stability models are based on the linear elastic model 
and serve as a good, simplistic starting point. However, these models fail to incorporate the 
influence of poroelastic, chemical, and thermal phenomena and are therefore inadequate 
for fluid saturated rocks.
Borehole stability models that incorporate poroelastic phenomena can also be found in 
the literature. For example, a wellbore stability model that partially couples deformation to 
pore fluid flow was given by Hsaio (1987) where the influence of developing a filter cake 
was considered. A fully-coupled isothermal poroelastic plane strain stress distribution was 
developed by Detoumay and Cheng (1988) for the case of a vertical wellbore drilled in a 
chemically-inert formation subjected to anisotropic in-situ stresses. The solution is time- 
dependent and their results indicate a potential for rock failure inside the formation. This 
fully-coupled poroelastic approach was extended by Cui et al., (1997) for the general case 
of an inclined wellbore and was used to analyze for tensile and shear failure by Cui et al. 
(1999). In all of these publications, chemical osmosis and thermal loading were neglected.
There have also been several technical papers published concerning wellbore stability 
in chemically-active formations. In particular, the effects of chemical osmosis on wellbore 
stability were examined in the partially-coupled model provided by Hale and Mody (1992) 
and the fully-coupled model for the case of a vertical wellbore presented by Sherwood 
and Bailey (1994). The fully-coupled model was extended to general case of an inclined 
wellbore by Ghassemi et al. (1999). Their results suggest that shale swelling can be reduced
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by lowering the chemical potential of water in the mud. In all of these publications, the 
effects of ion transfer were ignored.
A wellbore stability model aimed for investigating the influence of chemical potential 
by considering the transfer of ions from the drilling fluid into the shale was presented 
by Ghassemi and Diek (2001). The model clearly demonstrates that ion transfer can 
significantly alter the near wellbore pore pressure and may lead to premature borehole 
failure. In addition, the remedial measures outlined by Ghassemi et al. (1999) indicate 
that adding salinity to the mud can act to stabilize shale, but that excessive salinity may 
actually induce instability. The percentage of salt that will induce failure is dependent on 
salt type.
Thermally-induced wellbore stresses have also been examined by a number of 
investigators. McTigue (1986) presented a linear theory for a fluid-saturated porous media 
that allows for compressibility and thermal expansion of the pore fluid and solid matrix. 
Specific problems where heat transfer was decoupled from the displacement field were 
identified and solutions were provided. A theory that fully couples heat transport to the 
coupled pore pressure and displacement fields was developed by Kurashige (1989) by 
closely following the work of Rice and Cleary (1976). This poro-thermoelastic theory 
was applied to borehole stability by Whng and Papamichos (1994) and Li et al. (1998). 
The results presented in these two publications suggest that time-delayed tensile and shear 
failure may occur as a result of thermal loading.
13
Objectives
The review of the literature presented above indicates that many factors contribute to 
wellbore instability, all of which may need to be considered. The objective of this thesis is 
to develop a borehole stability model that considers the influence of hydraulic, chemical, 
and thermal loading on the stress and pore pressure fields. This is accomplished by:
• derivation of the poroelastic pore pressure and stress expressions (around the 
wellbore)
• derivation of the chemo-poroelastic pore pressure and stress expressions
• derivation of the poro-thermoelastic pore pressure and stress expressions
• development of a wellbore stability model
® validation and application of the model through a numerical example and complete 
a sensitivity analysis.
Sign Convention
In the field of rock mechanics, compressive stresses are generally considered positive. 
In fact, Jaeger and Cook (1979) stated that compression should be considered positive for the 
following reasons: (i) the in-situ stresses exist in compression, (ti) compression positive is 
used in the fields of soil mechanics and structural geo logy, and (Hi) because many problems 
formulated in rock mechanics involve friction over surfaces, which require compressive 
stresses. However, most previously published papers concerning poroelasticity consider 
tensile stresses as positive. Therefore, to maintain consistency with the poroelasticity
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literature, all equations are written using the tension positive convention whereas all 
graphics are displayed with compression positive (consistent with conventional rock 
mechanics). This sign convention is adopted for the remainder o f this thesis.
CHAPTER 2
POROELASTICITY
The physical behavior of fluid-filled rocks differs from the response of dry rocks in the 
following ways: (1 ) rock compression increases pore pressure, (2) a pore pressure increase 
creates volumetric deformation of the rock, and (3) the volumetric response becomes 
sensitive to the rate of loading (Rice and Cleary, 1976; Detoumay and Cheng, 1993). 
Therefore, the mechanical response of a fluid-saturated porous media is characterized by a 
coupling between deformation-diffusion processes.
The rock response can fall between two limiting behaviors, namely undrained and 
drained. The undrained response represents the case when the pore fluid is not allowed 
to escape (i.e., short time or impermeable wall). Hence, the fluid absorbs a portion of the 
load and the rock exhibits a significant “apparent stiffness” (Detoumay and Cheng, 1993). 
As time increases and the pore pressure is allowed to dissipate, the apparent stiffness of the 
rock is reduced.
A theory to predict the mechanical response of fluid-saturated rocks due to the 
application of an external load was developed by Biot (1941). The theory considers the 




The Biot model, also known as the theory o f poroelasticity, was first introduced by 
Biot (1941) as a means of predicting time-dependent settlement in geotechnical engineering 
applications. The Biot theory has since been examined and reformulated by several authors 
(most notably Rice and Cleary, 1976) and has been applied to several petroleum and civil 
engineering problems in Detoumay and Cheng (1993).
The essential notion of the Biot theory of poroelasticity is that volumetric deformation 
of the solid is coupled to pore fluid diffusion. The two kinematic quantities used in the 
model are the solid displacement vector (uf) and a specific discharge vector (^ ) while the 
dynamic variables are the total stress (er) and pore pressure (p). The theory of poroelasticity 
incorporates the typical linear elastic assumptions as well as the following assumptions:
• pore fluid flow obeys Darcy’s law
o pore pressure is considered to act equally in all directions within the representative 
volume element
• shear stress that acts at the contact between the pore fluid and the matrix is 
neglected
® isothermal conditions
• rock is chemically inert
Within the framework of Biot’s theory, a point in a poroelastic medium can be 
represented by an element similar to the one shown in Figure 4. The element consists of 
a solid skeleton and a well-connected pore fluid. As usual, the element is assumed to be
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much larger than the microstructure of the rock yet small enough to allow the application 
of calculus. From a physical standpoint, the stresses acting on the element are comprised 
of two parts; an average stress in the skeletal matrix, and a hydrostatic pressure due to the 
presence of fluid in the pores. Hence, the total stresses acting on the element are carried 
partly by the rock matrix and partly by the fluid component.
Pore fluid
mineral matrix
Figure 4. Representative volume element of a porous rock showing the mineral matrix 
(black spheres) and pore fluid (gray area).
Governing Equations
The governing equations of poroelasticity can be found by extending the classical elastic 
theory to include the effects of pore pressure diffusion. The governing equations have 
been derived and are shown below using tension as positive to be consistent with existing 
literature. Initially, the governing and field equations are developed for the chemically-inert, 
isothermal case, which are referred to herein as the poroelastic equations. These are then 





The governing equations of poroelasticity consist of the constitutive equations for stress 
and pore pressure, Darcy’s law, and the fluid continuity equation. The constitutive relations 
describe the volumetric response of an isotropic poroelastic material and are categorized 
into two equations: (1 ) an equation describing the response of the porous matrix and (2 ) 
one describing the response of the pore fluid. The solid response, in index notation, is given 
as (Biot, 1941):
'«  2G \ v  3 ’ )
gfcfc g _  _P_  
9K  ij 3/T îj (2)
where the quantity ~~r represents a physical quantity given by Biot (1941) that measures 
the straining of the solid with a change in hydrostatic pressure, G is the shear modulus, 
is the Kronecker delta, and K  =  3Cy z 2"] is the drained bulk modulus. Equation 2 is often 
referred to as the “constitutive stress equation” and can be decomposed according to the 
method of loading. The first term on the right side of the equation represents deviatoric 
loading, which is an artifact of unequal normal stresses acting on the element. Indeed it can 
be easily verified that if crn =  cr22 =  cr33, the quantity inside the parenthesis becomes zero 
and the term corresponding to deviatoric loading vanishes. The second term of Equation 
2 represents hydrostatic stress loading and the last term due to pore pressure loading. The 
quantity ~r shown in the last term is difficult to measure and does not explicitly define the 
mechanical response of the rock. Hence, it is desirable to re-write Equation 2 as a function 
of a material parameter that is easily obtained in laboratory experiments, such as the bulk
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modulus of the solid K s. It was demonstrated by Rice and Cleary (1976) that 777 =  1? —i t  A t\  5
hence, substitution into Equation 2 yields:
1 /  °kk R \  , CTkk c P f  1 1 \  ,
-  2G 3 Sv)  +  3 ( a: k J  ^ (3)
The stresses in terms of strain are then found from the inverse of Equation 3:
& ij  -4- ^  K  3  y  f'kk&ij  +  ctp S ij (4)
in which a  =  1 — is Biot’s constant. Biot’s constant is a measure of how effectively 
the pore fluid counteracts the applied stress. It is dependent on the size, geometry, and 
distribution of the pore spaces in the media, the bulk modulus, and the bulk modulus of the 
solid. The mathematical expression for a  can be found in Table 1.
The volumetric response of the rock is also a function of pore pressure. Therefore, it is 
also necessary to derive an equation describing the response of the pore fluid. In terms of 
the variation of fluid content per unit reference volume, £, the constitutive response of the 
pore fluid for the case of an applied isotropic stress and pore pressure is (Biot, 1941):
^ 3H' ® yy  4* C 7 ) R
Ckk _  P_ 
3 H' ~ R (5)
In Equation 5, the constant ^  represents a measure of the change in water content as a 
function of changing water pressure. It is also a difficult quantity to measure and therefore it 
is useful to develop an expression for the change in fluid mass in terms of volume changes. 
This can be accomplished by realizing that (  can be associated with the changes in pore 
volume normalized to the bulk volume. Thus, re- writing Equation 5 in terms of fluid mass 





which is equivalent to the expression given in Equation 5. Equation 6 can also be expressed 
in terms of undrained Poisson’s ratio vu and Skempton’s pore pressure coefficient B, whose 
quantities can be found in Table 1. Following the work of Pace and Cleary (1976), one 
obtains the following expression:
Am — m — m.0 = 3pf (vu ~  y) 
2 G B (l +  v ) ( l  +  vu) (7)
in which p/ is the density of the fluid and (fi0 the initial formation porosity.
It is important to note that the expressions given in Equations 5, 6 , and 7 are valid 
only for the case of a homogeneous and isotropic solid whose pore spaces are fully 
interconnected, which is a fundamental assumption applied in this study.
The remaining governing equations for quasi-static poroelasticity consist of the 
equilibrium equations, Darcy’s law for pore pressure diffusion, and the mass conservation 
equation for the fluid phase. The equilibrium equations are those used in elasticity and are 
written here in index notation as:
=  0 (8)
The expression for Darcy’s law, in terms of the pore fluid density pf , permeability k, and 
pressure p  is:
Qi — Pf^Pij (9)
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Table 1. Common poroelastic constants.
name symbol expression
bulk modulus 
undrained bulk modulus 
Poisson’s ratio 
undrained Possion’s ratio 
Biot’s constant
Skempton’s pore pressure coeff. 


























where is the fluid flux (units of fluid volume per unit area), k — is the permeability
coefficient, k is the intrinsic permeability, and p j  is the fluid viscosity. The continuity 
equation (i.e., mass conservation) is given by the following expression:
dC . . dgt
dt ’* dt dxi
=  0 ( 10)
Field Equations
The field equation for solid displacement can be determined by substituting the relevant 
components of the constitutive stress equation into the equilibrium equations. Taking the
appropriate partial derivatives of Equation 4 and substituting the result into Equation 8 
yields the following Navier-type equation (written here in terms of displacement):
Cr V U{ Jj + G2u U*k,ki &Pi 0 ( 11)
where V 2 =  ^  ^  is the Laplacian.
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A diffusion equation can then be derived by inserting the expressions for Darcy’s law 
(Equation 9) and the constitutive pore pressure relation (Equation 6 or 7) into the continuity 
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in which c/ is the fluid diffusivity coefficient defined as:
=  2rG B 2 (1 +  uuf  (1 -  v) 





If the activity of the water phase in the drilling fluid is diff erent than that of the pore 
fluid, a chemical potential, pw, will exist. In that event, the latter term of Equation 4 
must be modified to incorporate the chemical potential. Assuming a perfect ion-exclusive 
model, the constitutive response due to chemical loading is similar to that o f pore pressure 
loading, with the pore pressure term replaced by the chemical potential of water in shale 
over the partial molar volume of water. Thus, the constitutive stress equation (Equation 4) is 
modified by substituting the quantity ^  for the pore pressure (Sherwood and Bailey, 1994) 
to obtain the following expression:
<Jij — +  I K
2 G'
P'kkbij +  Oi—~8.«7 (14)
where p w = p +  3ftR T  In a,i +  Mo
3 j  v ~~VW 
denotes the chemical potential of water in the shale
or mud, -R is the reflection coefficient, Vw is the partial molar volume of water, R is the
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universal gas constant, T  is the absolute temperature (units of °K), and p,0 is the chemical 
potential in the reference state. The water activity, aw, is a measure of the molar free energy 
of a given constituent. In the context of shale/mud interaction, the difference between the 
water activity of the mud a™ and shale asJf creates the necessary driving force to ensure 
fluid flow. It is noted that if a™ =  a £ , Equation 14 is reduced to a poroelastic expression.
Following the same methodology, the constitutive expression for the pore pressure can 
be found from Equation 6 (or 7). In terms of (  the expression is
C =  f ^  +  J>) + ( 1 - &kk Vw'
u K J L 3 vw\
0 o  V w
K SVW
(15)
which can also be expressed as:
_  m -  m0 _  3 (uu -  u)
pj 2GB (1  +  v) (1 +  vu)
The remaining governing equations are those used in the poroelastic case; namely the
equilibrium equations (Equation 8), Darcy’s law (Equation 9), and the continuity equation
(Equation 10).
Field Equations
kk v B Vw
(16)
It was noted previously that the chemical potential behaves similar to the pore pressure. 
Hence, to include the chemical potential under isothermal conditions Equation 11 is simply 
modified to obtain the following expression (including pore pressure loading):
G
G V 2Ui +  ukM +  a ^  =  0 (17)
1 -  2u Vw
Similarly, the diffusion equation (Equation 12) is modified in the same manner to get:
C/V 2 3 Vw
d 3 Vw'




The drilling of a borehole requires a continuous circulation of drilling fluid to remove 
cuttings from the bottom of the hole. In addition, the continuous circulation provides a 
mechanism for introducing cooler drilling mud to cool the bit (Bourgoyne et al., 1991). 
The result is a temperature contrast between the mud and formation. This can lead to the 
transfer of heat into or out of the formation, which is often referred to as thermal loading. 
The transfer of heat between the rock and wellbore can occur in the form of heat convection 
or conduction (excluding any internal heat sources). For the case of drilling deep wellbores 
with low permeability, heat conduction is dominant and the effects of heat convection are 
negligible. This thesis is concerned with wellbore stability in low permeability rocks (such 
as shales), thus, the effects of heat convection have been neglected.
In a linearly elastic, porous medium, thermal loading induces volumetric deformation 
because of thermal expansion of both the pore fluid and rock. In deep wellbores where the 
pore space is typically confined, the expansion of the pore fluid can lead to significant pore 
pressure increases in the neighborhood of the wellbore (if heating). The time-dependent 
poroelastic behavior of rocks should then be fully-coupled to the transient temperature field.
Constitutive Equations
Following closely the framework of Rice and Cleary (1976), McTigue (1986) proposed 
linearized thermoelastic governing equations to characterize the constitutive response of a 
fluid-saturated, porous rock. The linearization of these laws is justified when considering 
only heat conduction. In essence, the poro-thermoelastic governing equations consist of 
including a heat conduction equation within the characterization of the poroelastic system
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presented previously. This leads to an additional term in the poroelastic constitutive 
equations. Including the effects of heat conduction, the constitutive stress equation can 
be written as (McTigue, 1986):
= 2Gey +  ( k  - p j  ekkStj -  apS,, -  | i i l ± ^ a ^ATSy (19)
where AT is the absolute temperature change and a ^  is the volumetric thermal expansion 
coefficient of the formation. The pore pressure constitutive equation is also modified:
c  =
_0o
K„ V ~  (<*/ “  «m) <\>ô T
(20)
m  — m.r, 3pf (vu ~
2GB (1 T i/) (1 +  uu) °kk ~ g ( P  +  P)
+  (aip ~ c Q  <f>aA T  (21)
in which a'j is the volumetric thermal expansion coefficient of the pore fluid (i.e., water).
The remaining governing equations consist of Equations 8, 9, and 10. In addition, due 
to the non-isothermal conditions, a heat diffusion and conservation of energy equation must 
also be implemented. Fourier’s law for heat diffusion is:
hi =  -  A t T (22)
in which Ar  is the thermal conductivity of the rock. The conservation of energy is 
(neglecting terms proportional to and AV):
( C p p  =  - h i t  -  (#*«)>« (23)
In the above expression, C  represents the specific heat of the bulk mass, hiti is the heat flux, 
p is the total mass density, and H* is the specific enthalpy of the pore fluid. The expression 
for H* is (Wang and Papamichos, 1994):
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H* =  J * L t  (24)
Pf<t>o
Field Equations
The field equations for the non-isothermal case can be determined in a manner similar to 
the isothermal case. For the non-isothermal case, the displacement equation can be obtained 
by substituting Equation 19 into 8 . The resulting constitutive expression is:
G v 2 “ ‘ +  Y ^ UkM +  “ ( / '+ * * )  +  = 0  (25)
The diffusion equation is then derived by inserting Darcy’s law (Equation 9) and the 
constitutive pore pressure relation (Equation 21) into the continuity equation (Equation 10) 
to get:
^  -  c.fV 2m  =  Cfpf  [a • a Tm +  ( a j  -  a £ )  <f>0] V 2T  (26)
The heat diffusion equation is found using the conservation of energy principle (Equation 
23) in Fourier’s law (Equation 22). The resulting expression is (Kurashige, 1989):
rTT k
+  (27)
where ct =  - ^ r :  is the thermal diffusivity.
CHAPTER 3
STRESS DISTRIBUTION AROUND A CIRCULAR OPENING IN A 
FLUID-SATURATED, POROUS ROCK
Prior to drilling, a rock formation at depth exists in a state of compressive stress. The 
introduction of a wellbore removes the rock and the stresses that were previously acting at 
that location. This causes a redistribution of stresses and imposes an additional load on the 
neighboring rocks leading to a significant stress and pore pressure concentration near the 
wellbore. These additional stresses are referred to as “induced stresses” and, depending on 
the magnitude of the stress change and the rock strength properties, may lead to borehole 
failure. Thus, it is of paramount importance to determine the stress and pore pressure 
distribution around a wellbore so that wellbore trajectory and mud design can be optimized 
to avert borehole failure. In this chapter, the derivation of the analytical expressions of the 
stresses and pore pressure around a cylindrical hole in a fluid-saturated rock is described.
Problem Definition
The problem to be considered involves the drilling of an inclined wellbore in a fluid- 
saturated, linearly poroelastic medium. The borehole contains a drilling fluid of constant 
pressure pw, temperature Tm, and has a chemical potential denoted by p™. The formation 
is assumed to be saturated by a pore fluid at a constant pressure pa, temperature T0, and 
a chemical potential p £ ,  as indicated in Figure 5. Furthermore, the in-situ stresses are 
assumed to be anisotropic and act mutually perpendicular to one another.
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The problem is formulated mathematically by choosing a Cartesian coordinate system 
such that the major principal axes x',y',z' coincide with the directions of the in-situ stresses 
&H,Vh,&v, respectively. Then, according to Figure 5, a vertical hole can be defined as a 
wellbore that parallels the z' axis and is perpendicular to the x' and y' axes (i.e., (3 =  <p — 
0°). However, in general the wellbore will be inclined to the in-situ stress field.
The inclination of the wellbore, either intentionally (controlled directional drilling) or 
unintentionally (oblique virgin stress field or accidental drilling deviation), will deviate 
from the vertical position so that the axis of the wellbore no longer coincides with the z' axis. 
The inclined borehole and its coordinate system x,y,z must then be rotated to the deviated 
position. This is accomplished mathematically by rotating a vertical wellbore about the z' 
axis by the azimuth angle 0 , which is always measured counterclockwise from the x' axis, 
and tilting the borehole from the z' axis by the zenith angle j3. The rotated borehole stresses 
can then be derived from the in-situ stresses using the coordinate transformation equation 
(Equation 28) given below (Fjaer, 1991). It should be noted that in general, the problem is 
three-dimensional but can be reduced to two dimensions in some cases.
axx — {cos2 (3 cos2 0) &h +  (cos2 (3 sin2 0) ah +  (sin2 /3) crv (28)
cTyy =  (sin2 0 ) a H +  (cos2 0 ) ah
tyzz — (sin2 (3 cos2 0) cth +  (sin2 (3 sin2 0) au +  (cos2 (3) av
axy =  (— cos/3cos 0 sin 0 ) er// +  (cos/?sin 0 cos 0 ) <7^
axz — (sin (3 cos2 0  cos (3) a H +  (sin /? sin2 0 cos /3) ah -  (cos f3 sin f3) av
(TyZ =  (— sin 0 sin /? cos 0) cth +  (cos 0  sin (3 sin 0)
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Figure 5. Simplified problem geometry.
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For example, if the trajectory of the borehole parallels the direction of a major principal 
stress, plane deformation takes place (i . e stresses and displacements are functions of x 
and y only). This can be easily verified by inserting the appropriate values of 0 and (3 
into Equation 28 such that the shear stresses axz and cryz vanish. The problem can then be 
solved as a circular opening in an infinite plane using the concept of plane strain, which 
incorporates the following assumptions:
Czz ^XZ Cy2 & xz ° y z  0  ( 2 9 )
Thus, plane strain exists if axz =  ayz — 0 at all locations along the axis of the wellbore. 
However, for the general case of an inclined wellbore, the shear stresses axz and ayz are 
non- zero and the problem becomes three-dimensional. This is problematic because it is not 
possible to derive three-dimensional stress expressions explicitly because there are more 
unknowns than equations. Therefore, it becomes necessary to implement a sophisticated 
three-dimensional numerical model to approximate the solution or, alternatively, a “pseudo 
3-D” model using the concept of generalized plane strain.
Generalized plane strain is a solution technique that allows the problem to be 
decomposed into several treatable two-dimensional problems for which solutions already 
exist. These consist of a (i ) poroelastic plane strain, (ii) a uniaxial stress, and (in) an 
antinlane shear stress problem (Cui et al., 1997), as portrayed in Figure 6 . These problems 
can be solved individually and their results summed using the principle of superposition. 
In this thesis, these problems are solved initially for the chemically-inert and isothermal 
case (poroelastic) and then extended to the chemically-active, isothermal case (chemo- 
poroelastic) and chemically-inert, non-isothermal case (poro-thermoelastic).
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The anuplane problem (Figure 6-d), in which <rxz and ayz are non-zero and independent 
of z while axx — ayy — axy =  0, was initially proposed by Filon (1937) for an elastic, 
isotropic material and can be used without modification because the induced stresses axz 
and ayz do not create any volumetric change and, therefore, do not generate any pore 
pressure changes. Likewise, the uniaxial stress problem (Figure 6-c) can also be used 
in a straightforward manner to determine the axial stress, <rzz, acting along the wellbore 
axis by considering a uniform axial stress as well as the Poisson effect. However, the 
induced stresses involved in the poroelastic plane strain problem (Figure 6-b) do result in 
volumetric changes so that pore pressure changes occur. Therefore, it is necessary to solve 
the poroelastic plane strain problem to determine the induced polar stresses (crrr,aee,<jro) 
and pore pressure contained within the plane normal to the wellbore axis as a result of the 
application of the borehole stresses axx, cryy, and axy. The generalized plane strain problem 
is solved by assuming that the axial displacement is a function of z. In other words,
exz =  eyz =  ezz =  constant (30)
This differs from the traditional plane strain problem where there are three strain 
components that are zero (see Equation 29). Hence, the poroelastic plane strain problem 
used within the concept of generalized plane strain does not generate the same results 
as the conventional plane strain problem due to the increased number of non-zero strain 
components. It should also be noted that the use of generalized plane strain is justified 
when the overburden is sufficiently large and the length of the wellbore is much greater 
than its radius. Since this closely approximates the scenario occurring while drilling deep 




The poroelastic stress and pore pressure fields can be determined by deriving the 
expressions for the induced stresses and pore pressure in each problem mentioned above 
and summing the results. These can then be added to the virgin values to obtain the total 
state-of-stress and pore pressure. It is noted that for the poroelastic case, the effects of 
thermal and chemical loading are neglected (i.e., Tm =  T„ and — n™).
Poroelastic Plane Strain Solution
The solution of the poroelastic plane strain problem pro vides the expressions for the 
in-plane stresses depicted in Figure 7. As can be seen from the figure, the plane strain 
problem involves the application of unequal compressive stresses to the wellbore in the 
plane perpendicular to the wellbore axis, as illustrated in Figure 8. For convenience, the 
far-field in-plane stresses, axx and ayy, can be expressed in terms of the mean compressive 
stress PD and deviatoric stress Sa:
°xx =  - ( P o - S o )  (31)
®yy — (Po T S0)
where PQ =  go — +  rr2y, and the stresses a tj are those given by
Equation 28. The other quantities shown in Figure 8 are a, r, and 8, which represent the 
wellbore radius, the radial distance to the point under consideration, and the borehole angle, 
respectively. For consistency, the borehole angle 6 is measured counterclockwise with 
reference to the a>axis. It is also noted that (for the general case of an inclined wellbore) 
to account for the rotation of the in-plane stress field the plane strain problem must rotated
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Figure 7. Cylindrical stresses acting in the plane perpendicular to the wellbore axis, 
by the angle 9r =  \  tan - 1  2<Txy , which is defined in Figure 9. This is to ensure that axx
^  w  A ( J x x — <Xyy
always acts along the x-axis and ayy along the y-axis.
The solution to the poroelastic plane strain problem is obtained by assuming that the 
wellbore exhibits zero deformation along its axis (i . e U i  ^  /(z)). By this assumption, 
the borehole can be treated mathematically as a series of infinite horizontal plates such that 
ezz =  exz =  eyz — 0. Inserting ezz — exz =  eyz — 0 into the constitutive law (Equation 
3), solving for <j zz, and rewriting in terms of common poroelastic terms (e.g., a , v, and vu) 
leads to the following expression:
er33 =  vcrkk - a ( l - 2 v ) p  (32)
in which k can take only the values 1, 2. Using the above expression, the constitutive stress 







Figure 8. In-situ stresses acting in the plane perpendicular to the borehole axis.
o ' \y
y
Figure 9. Rotation o f the borehole coordinate system for the poroelastic plane strain
problem.
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2Geij — (Jij -  vcrkk8ij +  a  (1  -  2u) p (33)
The inverse of the preceding equation can then be substituted into the fluid mass equation
to get:
c /V 2 o'11 +  0"22 —B { 1 +  u) p
d_
dt 0"ll +  0"22 B (1 +  u) P
(34)
which can also be expressed as (Rice and Cleary, 1976):




where V 2 =  0  +  ^ 2  is the two-dimensional Laplacian operator. Since one is trying to 
obtain the cylindrical stresses shown in Figure 7, it will be helpful to express Equation 35 
in cylindrical coordinates. Doing this yields the following expression:
' d2p  1 d p \  dp
°* l  dr2 ^  r  dr dt (36)
where the quantity inside the parenthesis represents the Laplacian operator in cylindrical 
coordinates. The above expression can then be solved explicitly for the pore pressure p. This 
is achieved by subdividing the problem into three fundamental loading modes (Detoumay 
and Cheng, 1988): (1) hydrostatic loading, (2) pore pressure loading, and (3) stress deviator 
loading. Hydrostatic loading represents the redistribution of stresses owing to the drilling 
of the wellbore. Hence, the induced stresses (as a result of Pa) due strictly to the presence of 
the hole are elastic (i.e., not time-dependent). Mode 2 loading represents fluid movement 
between the wellbore and the formation, creating an alteration of the near wellbore stresses 
and pore pressure as a function of time. The deviatoric stress component Sa can also trigger 
additional stresses and pore pressure due to the difference between the in-plane stresses axx
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Table 2. Boundary conditions at the wall.
Mode 1 Mode 2 (perm.) Mode 2 (imp.) Mode 3 (perm.) Mode 3 (imp.)
ĴkCT yy P w  Po 0 0 —S0 cos 29 —S0 cos 29
Acrrg 0 0 0 S0 sin 29 S0 sin 29
A p 0 P w  Po qi =  0 0 q% =  0
and <Tyy. Thus, if the stress field is isotropic, the deviatoric stress is zero and mode 3 loading 
will not exist.
In terms of these loading modes, there are two sets of boundary conditions to be applied 
to Equation 36 (Carter and Booker, 1981); (i ) permeable wellbore boundary conditions and 
(ii) impermeable wellbore boundary conditions. The permeable solution is obtained by 
assuming that the pore pressure at the wall is equal to the mud pressure (at the wall) and 
where qx is incorporated into the solution whereas the impermeable solution is found by 
assuming that =  0 at the wall and the pore pressure is part of the solution. The complete 
set of boundary conditions for both cases are shown in Table 2.
The remaining boundary conditions consist of the far-field stress and pore pressure 
expressions (given here in cylindrical coordinates):
< c  =  —  *  ĈOS 26 +  <r„ sin 26 (37)
cr^ =  oxy cos 29 -  —  — — -  cos 29 
cr~ =  axz sin 6 +  ayz sin 6 
P °°  =  Vo
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It is of interest to point out that, as expected, the far field boundary conditions are 
unaffected by drilling because induced stresses and pore pressure vanish as r  —> oo.
Axisymmetric Loading
To determine the induced pore pressure by modes 1 and 2, the solution strategy is to 
apply the boundary conditions (shown in Table 2) to the fluid diffusion equation (Equation 
36) to derive a general solution in terms of the pore pressure p. The resulting expression can 
then be substituted into the Navier field equation (Equation 11) to obtain an expression for 
the radial displacement (Detoumay and Cheng, 1988). The radial and tangential stresses can 
then be calculated by integrating the resulting expression and substituting into the stress- 
strain relations.
The displacement is found by solving Equation 11 for the radial displacement:
ur =  — +  - - -  f  rp(r, t)dr (38)
r r G  Ja
where 77 is the poroelastic stress coefficient (Table 1) and A is a constant of integration 
that is determined from the boundary conditions. The polar stress components can then 
be found by calculating the applicable strain components and substituting their expressions 
into Equation 11:
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The general solution of the fluid diffusion equation is most conveniently determined
in the Laplace domain (Carslaw and Jaeger, 1959). Thus, transforming Equation 36 to the 




1 dp 9 _
+  - - f - q 2p =  0 r  a r (40)
where <?2 =  s is the Laplace transform parameter, and tilde denotes the Laplace domain. 
The above equation is known in mathematics as Bessel’s modified differential equation.
The pore pressure owing to mode 1 loading was found by applying the mode 1 pore 
pressure boundary condition (i.e ., Ap =  0) to Equation 40. The result is the trivial solution 
{i.e., p ~  0). Thus, substituting p =  0 into Equation 39 and utilizing the mode 1 stress 









which represent the Li me solution in elasticity.
The derivation of the mode 2 pore pressure and stresses can be determined in a parallel 
manner. But in this case the pore pressure solution will be nonzero so that the polar stress 
components become a function of pore pressure. The derivation of the mode 2 stress and 
pore pressure expressions can be found in Detournay and Cheng (1988) and are presented 
below. Because mode 2 loading is sensitive to the bounded conditions of the wall, there 
are two sets of solutions: (i) permeable and (i i) impermeable, which are delineated by the 
subscripts perm  and imp.
p(2) =r perm
- ( 2) 
Pim p
(P w  -  P o) K 0 (Ar) 
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K \ (Aa) +  t f 0 (Ar)
_rA^o(Aa) r 2Aif0 (Aa) i f 0 (Aa)_
where A — s is the Laplace transform variable, K 0 is the modified Bessel’s function 
of the second kind and order zero.
Asymmetric Loading
The induced stresses owing to deviatoric loading can be found by taking the Laplace 
transform of the field equations and applying symmetry considerations with regards to the 
displacement field. The details of this are not shown here but can be found in Detournay 
and Cheng (1988). The stress and pore pressure expressions were presented by Cui et al. 
(1997) for the general case of an inclined wellbore as:
=
S„ cos 2 ( 9 - 0 . )  f  ^
B(l-f-̂ u) /or a2
3(l-i/u) ° 2r2
(43)
<7(3) _  So COS 2(9 -  0T) J _  B  (1 +  Vu)
r<3>’GO
=.(3)
s | 3 (1 -  vu)
So cos 2 (0 — 0r) B  (1  +  vu)
Kl(qr) . 6/̂ 2 (qr)
qr 1 (qr)'2
l a2 nr1 «4 
^272 ~  ^ ^ 3-4
<7 .
s 3 (1 — vu)





1—̂  _ r
if i  (gr)
+ 1 +
6
qr \  (qr)‘
Kl(qr) . 3 K2(qr)
K 2 (qr)
qr (qT)
1 /~i a1 o
2(1—1/«) '-/2 r2 ^0 3r43(1 -  i/«)
in which the constants Ci, C2, and C3 are determined from the boundary conditions. For 
the permeable case, Ci, C2, and C3 are (Detournay and Cheng, 1988):
12ga (1 — vu) (vu -  v)
Ci
B (1 H vu) (D2 -  Di)
(44)
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C2 =  
C3 =
4(1 -  vu) P 2 
D2 -  D x
qa (P 2 +  D \) +  8 (yu -  u) K 2 (qa) 
qa (P 2 -  P x)
where D x =  2 — v) K x (qa) and P 2 =  qa (1 — v) K 2 (qa). For the impermeable case,




2Aqa (1 -  uu) (vu -  v)
B (1 +  vu) (B 2 — D x)
4 ( 1 -  vu) P 2 
D2 — D x
qa (D2 +  D x) +  16 (vu -  v) K 2 (qa) 
J (D 2 -  D~)
(45)
where D x — 4 (vu — u) K x (qa).
Uniaxial and Antiplane Solutions
The uniaxial problem (shown in Figure 6-c) can be easily solved by considering that 
there is a constant stress a°zz acting uniaxially in the direction of the wellbore axis. In 
the plane perpendicular to the borehole axis, there is an opposing axial stress (through the 
Poisson effect), which was determined previously and is given in Equation 33. Thus, the 
use of superposition gives the following expression:
<?zz =  v°zz +  vcrkk ~ a  (1 -  2u)p (46)
where k =  1,2. Under plane strain conditions, akk =  arr +  oqq so that the above equation 
may be written as:
=  <7« +  ( ■T̂ , +  ^  -  a  (1 -  2 0  (p<2> +  p<3») (47)
V aee +  CTqo +  CTgg J
in which the expressions involving superscripts are those quantities given in Equations 41,
42, and 43.
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The antiplane shear problem (shown in Figure 6-d) is a shear stress disturbance that 
is caused by a sudden change in the shear stress arz from the far-field value (given in 
Equation 37) to zero at the wall, on account of drilling. The disturbance does not generate 
any mean normal stress; thus there is no mechanism for pore pressure change (Cui et al., 
1997). Therefore, the solution is the same as the elastic one, which is well known from the 
elastic theory. The derivations of the stress expressions are not shown here but can be found 
elsewhere (e.g., Fairhurst, 1964; or Yew and Li, 1988). The antiplane stresses were given 
by Bradley (1979)and are shown below.
The total stresses and pore pressure can then be obtained using superposition of the 




P0 -  S0 cos 2(6 -  dr) +
P0 +  S0 cos 2(6 -  6r) +  <7{£  +  (r£0 +  crfj
(49)
a  (1 — 2v) (p^  +
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P — Po+  P(2) +  p(3)
The solutions can be inverted back into the time domain by numerically inverting the 
solutions presented above. In this thesis, Stehfest’s (1970) algorithm is used because of 
its high marks for accuracy (Davies and Martin, 1979). It should also be noted that the 
solutions given by Equations 41,42, and 43 are not valid for very small times and hold true 
only when the characteristic time, tc =  is greater than «  0.02 (Carslaw and Jaeger, 
1959). For smaller times, the solutions presented above are not accurate and the short term 
solutions derived in Wolfe (2001) must be used.
Chemo-poroelastic Stresses
Drilling in chemically-sensitive rocks can be difficult because an influx of water into the 
rock may invoke irreversible formation damage, mainly in the form of reduced strength. In 
addition, the pore pressure and stresses near the wellbore may be significantly increased. As 
mentioned previously, the mechanisms that drive water into the formation can be classified 
as: hydraulic transport, chemical osmosis, electro-osmosis, and thermo-osmosis. The 
stress and pore pressure distributions due to hydraulic transport were examined previously 
(poroelastic solutions). The poroelastic solution obtained is suitable for rocks such as 
sandstone but is inadequate for low permeability, swelling rocks such as shale. Therefore, 
it is necessary to derive the stress and pore pressure expressions by taking into account 
the effects of chemical osmosis, electrical osmosis, and thermo-osmosis. However, in this 
thesis only the effects of chemical osmosis will be considered and the influence of electro­
osmosis and thermo-osmosis have been neglected. For the present purpose, it is further 
assumed that isothermal conditions prevail (i.e ., Tm =  Ta).
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Table 3. Chemo-poroelastic boundary conditions at the wall.
Mode 1 Mode 2 Mode 3
Acrrr Is 1 -a 0 0 —S0 cos 2 6
b<1 0 0 S0 sin 26
A p 0 0 0
A n 0 /C  -  Vw 0
AT 0 0 0
Problem Solution
The chemo-poroelastic solution can be found by utilizing the same solution strategy that 
was used to obtain the poroelastic stress and pore pressure expressions given previously. 
As before, the problem consists of determining the stress state around the inclined wellbore 
shown in Figure 5. The borehole problem can be decomposed into an elastic antiplane, 
uniaxial, and plane strain problem under generalized plane strain considerations. The 
antiplane and uniaxial solutions are unaffected by chemical osmosis so that their solutions 
(Equations 47 and 48) are again valid. Thus, only the plane strain problem is altered in the 
presence of chemical osmosis.
The plane strain solution can be determined by sub-dividing the problem according to 
the loading modes (1,2,3) presented above. If chemical osmosis is treated as a form of pore 
pressure loading, it is obvious that the mode 1 and 3 solutions derived above do not change. 
In other words, only the mode 2 stress and pore pressure expressions will change in the 
presence of chemical loading. Hence, the chemo-poroelastic solution consists of Equations 
41,43, 47, 48 and the mode 2 expressions to be derived below.
45
Mode 2 Solution
The mode 2 stress and chemical potential expressions can be found using the same 
methodology that was employed in tire derivation of the poroelastic expressions. In this 
case, however, the problem consists of deriving a fluid diffusion equation in terms of the 
chemical potential pw by utilizing the chemo-poroelastic field equations. This can be 
accomplished by considering a fluid diffusion equation similar to that given in Chapter 
2 (Equation 18). The diffusion equation can be reduced (as a result of plane strain) and 
re-written in polar coordinates obtain the following simple diffusion equation:
cf
d2Vw 1 dfiw
dr2 r  dr dt
(50)
where fiw — pVw +  RT  In aw +  pa is the chemical potential. The above expression can then 
be solved to determine pw by applying the mode 2 boundary conditions given in Table 3. 
Doing this yields (Sherwood and Bailey, 1994):
~(2) =  Vw K o (Xr) 
; w sVw K 0 (Ao)
(51)
where tilde indicates the Laplace domain, A =  s is the transform variable, K 0 is the 
modified Bessel’s function of the second kind and order zero.
It can be seen by comparing Equations 51 and 42 that the mode 2 pore pressure solutions 
are identical (only the constants change). A ramification of this is that the polar stress 
components will also be identical. Thus, inserting the above expression into Equation 39 
yields the following stress expressions:
=rr _ 2n _  _ w _ isVw \  rXKo (Aa) r 2AA0 (Ao) J (52)
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*(2) = ^  f K i (Ar) ^ (A g ) ifr (Ar) )
ee 1 sVw \  r \ K 0 (Aa) r 2 Aif0 (Aa) if0 (Aa) J
The expression in Equations 51 and 52 can then be inserted into Equation 49 (using j j $  
for p (2)) and numerically inverting using the Stehfest (1970) algorithm to obtain a solution 
as a function of time. If the analysis is conducted at small time (e.g., tc <  ^ ) ,  Equations 
51 and 52 are not valid and the short-term solutions presented in Wolfe (2001) must be 
invoked.
Poro-thermoelastic Stresses
While drilling a wellbore, it is possible to cool or heat the formation depending on 
the temperature contrast between the drilling mud and formation. For example, as the 
wellbore is deepened the relatively cool drilling mud contacts the warmer formation. This 
induces rock and pore fluid contraction leading to a decrease in the pore pressure and 
stresses. The magnitude of the stress and pore pressure changes are governed by the values 
of the expansion coefficients of the rock oT and pore water a j  (often, a Tf is an order of 
magnitude larger than qT). On the other hand, heating of the formation can occur in the 
upper portions of the wellbore as drilling proceeds. The heating tends to cause pore fluid 
and rock matrix expansion. However, confinement typically found at depth prohibits rock 
expansion, resulting in significant stress and pore pressure increases.
The primary mechanisms for heat transfer through porous media are heat conduction 
and convection. Heat conduction involves the transfer of heat via physical contact and heat 
convection is the transfer of heat through the circulation of currents from one region to 
another. Secondary modes of heat transfer consist of thermo-osmosis (fluid flow due to
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Table 4. Poro-thermoelastic boundary conditions at the wall.
Mode 1 Mode 2 (permeable) Mode 2 (impermeable) Mode 3
C7 j-y 6 1 P 0 0 —S0 cos 26
> q -J 0 0 0 S0 sin 26
A p 0 P w -P o q% =  o 0
A/x 0 0 0 0
A T 0 T  —T Tm — To 0
thermal gradient across a membrane), and internal source terms (induced heat flow due to 
hydraulic pressurization and/or adiabatic deformation). For simplicity, the secondary heat 
transfer mechanisms are neglected in this thesis. In addition, due to the low permeability of 
shales, contributions of heat transfer due to convection are also neglected. Furthermore, the 
effects of chemical osmosis are not considered in this poro-thermoelastic stress analysis. 
These simplifications are necessary to obtain analytical poro-thermoelastic solutions.
Problem Solution
The non-isothermal stress and pore pressure distributions can be found using the 
concept of generalized plane strain, as was done previously. The borehole problem (depicted 
in Figure 5) is again decomposed into an antiplane, uniaxial, and poroelastic plane strain 
problems. As was the case when deriving the chemo-poroelastic solutions, the antiplane 
and uniaxial problems are unaffected by non-isothermal conditions implying that only the 
plane strain problem needs to be solved.
The solution to the plane strain problem can be determined by decomposing the plane
strain problem into the previously mentioned sub-loading modes. However, in this case a
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thermal loading component is included to mode 2 loading. The modes 1 and 3 solutions 
presented for the poroelastic case are also valid for the non-isothermal case. Therefore, it 
is only necessary to determine the mode 2 stress and pore pressure expressions.
The mode 2 stress and pore pressure expressions are determined in similar manner to 
that used for the poroelastic case. However, the solution strategy when dealing with non- 
isothermal conditions is to first determine the temperature solution, then the pore pressure 
solution, and finally the stresses. As before, there will be two sets of boundary conditions 
that arise: (i) permeable and (ii) impermeable solutions, which are based on the boundary 
conditions given in Table 4.
The solution to the problem begins by considering the heat diffusion field equation 
(Equation 27) given in Chapter 2. If the formation is assumed to be of infinite extent 
and tire displacement field is irrotational, Equation 27 can be decoupled and re-written in 
cylindrical coordinates to obtain the following homogeneous heat diffusion equation (Wang 
and Papamichos, 1994):
f d 2T  1 d T \




where T  denotes temperature, t is time, and ct is the thermal diffusivity of the rock. The 
temperature solution T  can then be found by solving the above equation using the mode 2 
temperature boundary condition given in Table 4. The solution is again found in the Laplace 
domain and is given by the following expression (Carslaw and Jaeger, 1959):
f  _  T™ ~  T° K o (9r ) 
s K 0 (qa)
(54)
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where tilde denotes the Laplace domain, q =  s is the transform variable, K 0 is the
modified Bessel’s function of the second kind and order zero and Trn is the temperature of 
the mud.
The non-isothermal fluid diffusion equation (Equation 26) can also be reduced by 
assuming the formation to be of infinite extent and the displacement field to be irrotational. 
In this case, Equation 26 can be partially decoupled and converted to cylindrical coordinates 
to obtain the following pore pressure diffusion equation (McTigue, 1990):
/  d2p  1 dp'






in which c/t =  ^  — (<*/ — oT ) (f>0 , c/ is the fluid diffusivity, and T  is
obtained from Equation 54. The partially coupled fluid diffusion equation can then be 
solved to determine the pore pressure p  by using the mode 2 boundary conditions given 
in Table 4. Applying the boundary conditions and solving for p yields the following
expressions:
p(2) rp e rm
~(2) 
Pim p
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(56)
where the subscripts represent the permeable (perm) and impermeable (imp) solutions. 
The polar stresses can then be determined by substituting the above expressions into the 
constitutive equation (Equation 25) to calculate the relevant displacement functions. The 
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As before., the expressions given in Equations 56 and 57 are then substituted into 
Equation 49 and inverted numerically using the Stehfest (1970) routine. For small times, 
the poro-thermoelastic solutions found in Wolfe (2001) should be used. Furthermore, for 
the special case where cj — ct, the solution presented above is not valid because of 
the singularity in Equations 56 and 57. However, the singular point can be removed by 
expressing the solution explicitly (Wang and Papamichos, 1994).
CHAPTER 4
ROCK FAILURE
Rocks can failure in tension or shear. Tensile failure involves splitting of the rock along 
a fracture in the plane perpendicular to the plane of minimum stress while shear failure 
involves shearing of material along one or more planes. Along the borehole wall, these can 
occur due to insufficient or excessive mud pressure, depending on the type of failure.
Tensile Failure
Tensile failure will occur in rocks when the minimum effective principal stress a'3 equals 
or exceeds the tensile strength of the rock. When this occurs in a wellbore, a hydraulically- 
induced fracture can form that propagates to become parallel to the maximum effective 
principal stress a\ and perpendicular to <73, as shown in Figure 10.
I I I 
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Figure 10. Tensile failure near a circular wellbore.
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There are two types of hydraulic fractures that can form at or near the wellbore 
(McLennan et al., 1989); (i) a fracture that intersects the hole or (ii) a fracture that does 
not intersect the hole. The fractures which intersect the hole can be classified as either 
longitudinal (Figure 11-a) or transverse (Figure 11-b) whereas the fracture that does not 
intersect the hole is termed concentric (Figure 11-c). The longitudinal fracture forms when 
the horizontal stress a H depicted in Figure 11 becomes the minimum effective principal 
stress 0-3. This can occur when the effective tangential stress becomes tensile due to 
overpressurization of the wellbore. The transverse fracture is also caused by excessive 
wellbore pressure but it propagates perpendicular to the vertical stress av and the axis of 
the wellbore. These fractures may cause a substantial amount of fluid loss which may lead 
to costly downtime.
The concentric (or radial) fracture that is shown in Figure 11-c forms due to a tensile 
effective radial stress that forms inside the formation (as we will see later). The concentric 
fracture does not intersect the hole and does not have an adverse effect on wellbore stability 
(McLennan et al., 1989).
To evaluate for tensile failure, the standard practice in the rock mechanics industry is 
to employ the minimal stress theory. The minimum stress theory states that tensile failure 
will occur when the minimum effective principal stress exceeds the tensile strength of the
rock. Mathematically, the minimum stress theory is:
a3 - p  =  a3 <  - T 0 (58)
where 0-3 is the minimum effective principal stress (obtainable from Equation 69), p  is 
the pore pressure, and Ta is the tensile strength of the rock as obtained in laboratory 
measurements. The tensile strength is usually less than 1000 psi (Bradley, 1979) and
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Figure 11. Fracture orientations of an element on the wall of a vertical borehole.
is assumed to be a scalar quantity. This assumption may not be valid for rocks that 
exhibit directional tensile strength properties (such as shale), but is used in this analysis 
for simplicity.
Shear Failure
In a downhole environment, shear failure may be characterized as active or passive, 
depending on the movement of the failure plane (McLennan et al., 1989). If the rock moves 
inward, active failure has occurred. On the other bond, if the rock moves outward passive 
shear failure has occurred.
Active shear failure occurs when there is insufficient mud pressure or when there 
is a drastic reduction in the mud pressure due to imexpected drilling fluid loss, during 
production drawdown, or by a sudden pressure drop (i.e., well swabbing) that may occur 
during tripping (Ong, 1994). Depending on the stress state near the opening, three kinds 
of active shear failure can occur (Guenot and Santarelli, 1988). These include: (i) the 
onion peel (agg > azz > arr), (ii) toric failure (crzz >  agg > arr), and (iii) helicoidal shear
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followed by hydrofracturing (azz > oTT > ctqq). The most notable consequence of these 
is borehole collapse, which is often manifested through partial or catastrophic collapse of 
the wellbore wall. Partial collapse can lead to continual hole cleanup problems or it may 
produce rock wedges that become lodged between the drillstring and wall causing bridging 
and stuck pipe (Wilson and Willis, 1986). McLennan et al. (1989) described total collapse 
as a “sudden and dynamic” release of energy due to the inability of the rock to withstand the 
additional load imposed by drilling. This catastrophic event may bury tools in the wellbore 
and can lead to wellbore abandonment.
Passive shear failure is caused by excessive mud pressure but is usually preceded by 
tensile failure. Consequently, passive shear failure is not often observed in field operations. 
It is included in this analysis for sake of completeness. These failure modes are illustrated 
in Figure 12, where the ductile formation (e.g. salt) flows inward and the more competent 
rock {e.g. sandstone) exhibits brittle failure by hole enlargement and clear-outs.
To determine the mud pressure at which shear failure occurs, one can adopt either 
the Mohr-Coulomb or Drucker-Prager shear failure criteria. The Mohr-Coulomb criterion 
is a two-dimensional theory that considers the difference between the maximum cr\ and 
minimum rr3 principal stresses while ignoring the intermediate stress a2. Therefore, the 
Mohr-Coulomb criterion will generally yield overly-conservative estimates of shear failure 
(Boresi et al., 1993). In other words, the Mohr-Coulomb criterion may predict failure to 
occur before it is actually observed. This can negatively impact drilling operations because 




Figure 12. Active and passive shear failure along a borehole section (after Bradley, 1979).
be much greater than necessary. This creates added expense and may also lead to tensile 
failure elsewhere.
To account for this apparent shortcoming, the Drucker-Prager shear failure criterion can 
be used. This criterion is desirable in rock mechanics because it incorporates the influence 
of the intermediate stress as well as frictional characteristics of the medium (McLennan et 
al., 1989). Theoretically, the Drucker-Prager criterion will yield more accurate predictions 
of shear failure and will therefore permit the use of a wider range of mud weights during 
drilling. A contradiction to this was noted by McLean and Addis (1990) in which it 
was demonstrated that the Drucker-Prager criterion can lead to an overprediction of the 
formation shear strength. Thus, it is obvious that each of these criteria offer advantages and
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disadvantages and, therefore, this model will allow the user to choose either of these criteria 
to analyze for shear failure.
Mohr-Coulomb Criterion
The Mohr-Coulomb (M-C) criterion is a generalization of the Tresca (or maximum 
shear stress) criterion. The premise of the Tresca criterion is that the material will yield 
when the maximum shear stress at a point equals the maximum shear stress at yield in 
uniaxial compression (or tension). It neglects the effects of normal, hydrostatic stress. 
However, cohesive materials (e.g., rock) have demonstrated an increased ability to resist 
failure as hydrostatic compressive stress increases (Boresi et. al., 1993). Therefore, the 
Mohr-Coulomb criterion, which takes into account the cohesion Sa and the angle of internal 
friction <pa of the rock, should be used.
The M-C criterion is best described by a linear mathematical relationship between the 
shear stress r  and normal stress a  on a plane in a given body. The relationship is:
r  =  S0 +  cr tan  (j> (59)
where SD and <f> denote the cohesive strength of the material and friction coefficient of the 
rock, respectively. Equation 59 can be plotted in the r  — er plane (line X-Y in Figure 13) as 
a failure envelope. The three normal stresses can also be plotted and connected by circles 
to form Mohr’s circles. The larger, dashed circle that encompasses o x and <73 illustrates the 
difference between the maximum and minimum effective principal stresses. If the dashed 
circle becomes large enough to become tangent to the failure envelope, the rock will fail in 
shear on the plane represented by the point of tangency. Thus, as the difference between
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Figure 13. Mohr-Coulomb failure criterion.
the maximum and minimum principal stresses increases shear failure is more likely. In 
addition, if pore pressure is increased Mohr’s circles become enlarged (for the poroelastic 
case) and are shifted to the left increasing the likelihood of shear failure. This phenomenon 
is depicted by the dashed circle in Figure 14.
To utilize this criterion in a borehole stability model, it is useful to re-write Equation 
59 as a failure functional. This is achieved by considering the point at which shear failure 
is initiated (i.e., point P in Figure 13), whose position is defined by the angle 2/3. Noting 
that the angle of internal friction is related to the coefficient of friction by tan  <f>a =  <f>, the 
normal and shear stresses at point P are given by:
r  =  \  (oi ~  <73) sin2/3 (60)
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(61)
Noting that 4>a +  |  =  2/3, one can deduce that:
(62)
Inserting Equations 60 and 61 as well as the expression for (3 into Equation 59, and applying 
some basic trigonometric identities yields the following expression:
where qu — 2 SQ tan  (3 is the unconfined compressive strength and <j\ and er3 are the major 
and minor principal stresses, respectively. Gathering the terms on the left and setting equal 
to zero gives the M-C shear failure ftmctional ( /mc):
Then, the material is assumed to fail when f mc =  0. In the above expression, it is assumed 
that the unconfined compressive strength is a scalar quantity. This assumption is appropriate 
in this context due to the assumption of isotropy.
Drucker-Prager Criterion
The extended von Mises criterion, like the Tresca criterion, neglects the influence of
2S0 tan  /3 +  os tan2 j3 (63)
qu +  <r3 tan2 (3
fmc =  <Ti~ (qu +  cr3 tan 2 0) (64)
hydrostatic part of the stress tensor. The Drucker-Prager (D-P) shear failure criterion, which 
is a generalization of the extended von Mises criterion, is a three-dimensional criterion 
developed in <Ti-cr2-cr3 space that incorporates the influence of the hydrostatic stress.
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Figure 14. Influence of pore pressure on Mohr’s circles considering the poroelastic theory.
Assuming compression positive, the general form of the Drucker-Prager shear failure 
criterion can be written as (Chen and Han, 1988):
fdP =  \fh . ~ md (h  -  3p) -  6 =  0 (65)
where J% =  \  (sf +  s\ +  S3) is the second deviatoric stress invariant, s* =  cr* — and
A =  (a 1 -F cr2 +  er3) is first spherical stress invariant. The coefficients md and b can be
determined from the cone that circumscribes the Mohr-Coulomb pyramid in Figure 15.
That occurs when the quantities md and b are (Boresi et al., 1993):
2 sin <f>a 6Sa cos 4>amd =  - ^  .....0 =  ■ ^ ..................= = l........ . (66)
v/3 y /3 +  sin 4>a a/ 3^/3 +  cos cpa
For a frictionless material (<j)a =  0), the Drucker-Prager criterion is reduced to the extended 
von Mises criterion. It is also noted that the constants md and b given above are scalar 
quantities implying that their applicability is limited to failure of isotropic materials.
The difference between the Drucker-Prager and the Mohr-Coulomb criterion is shown
60
Figure 15. Mohr-Coulomb and Drucker-Prager yield surface in principal space (after Boresi 
et al„ 1993).
pictorially in Figure 15, where the predicted yield surfaces of the Mohr-Coulomb and 
Drucker-Prager criteria are presented. It is evident from the figure that the Drucker-Prager 
criterion produces a cone centered about the hydrostat axis while the Mohr-Coulomb criteria 
yields a hexagonal prism. The cone provides a consistent failure surface at all stress states 
so that predicting shear failure will apparently provide more accurate results.
CHAPTER 5
MODEL DEVELOPMENT
In this chapter, the development of a borehole stability design code is described in 
detail. The primary objective of the model is to determine the mud weight and salinity 
at which failure will occur in shear and tension at a given borehole orientation. Basically, 
this is accomplished by comparing the effective stress state around the wellbore to the rock 
strength. If the effective stress levels exceed the strength of the rock, failure will occur. If 
not, rock failure will not occur and the hole will be stable. Hence, it is necessary to know the 
rock strength as well as the in-situ stress and pore pressure fields. Then, depending on the 
borehole trajectory, mud weight, mud chemistry, and mud temperature, the effective stress 
state near the wellbore can be calculated using the expressions derived previously. The mud 
weight and chemistry used in many drilling operations are often based on previous field 
experiences of similar drilling operations. Unfortunately, there have been many instances 
where there are unexpected problems leading to substantial downtime and, in isolated cases, 
well abandonment (Ong, 1994). Therefore a thorough understanding of the mechanisms 





A wellbore stability analysis involves simulating the drilling of a borehole at a certain 
wellbore orientation using a specific drilling fluid then calculating the stress and pore 
pressure distribution around the wellbore. The stresses and pore pressure are functions 
of borehole angle, mud pressure, rock type, virgin stresses, time, and radial distance from 
the hole. In the past, failure was assumed to initiate at the wellbore wall as is routinely 
predicted by elastic analyses. Hence, there have been many studies (e.g. Bradley (1979), 
Hsaio (1987), Ong (1994), Cui et al., (1999)) aimed at predicting failure at the wall. 
However, recent studies of borehole failure conducted in fluid-saturated porous media (e.g., 
Detoumay and Cheng 1988, Cui et al. 1997, Cui et al. 1998, Cui et al. 1999) have suggested 
that failure may be initiated inside the formation because of a significant pore pressure 
increase inside the formation. This requires developing a borehole stability model capable 
of evaluating for failure inside the formation as well as at the wall and then comparing the 
results.
The model outlined here is based on the fully-coupled poroelastic theory and takes into 
account the effects of chemical and thermal loading. The model is capable of analyzing for 
failure inside the formation and considering different wellbore boundary conditions (e.g. 
permeable or impermeable wall). Furthermore, the model uses both the Mohr-Coulomb and 
the Drucker-Prager shear failure criteria. The model is comprised of several parts, namely: 
(z) input, (ii) stress calculations, (Hi) failure analysis, and (iv) output. The input for the 
design code includes rock properties, drilling fluid properties, pore fluid properties, in- 
situ stress and pore pressure, and wellbore trajectory parameters. Among all of these input
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parameters, only the drilling fluid properties and wellbore trajectory can be manipulated 
by the drilling engineer to mitigate borehole failure. The wellbore trajectory is usually 
pre-determined by geologists, geomechanics engineers, and reservoir engineers to optimize 
hydrocarbon extraction. Thus, essentially only the mud weight and mud chemistry can be 
adjusted by the driller. Typically, the driller will add mud weight to provide support and 
prevent hole collapse while the mud chemistry is altered to minimize chemical differences 
between the mud and rock. As was demonstrated earlier, this can significantly change the 
effective stress state near the wellbore and, therefore, must be taken into account. The 
effective stresses are then used in relevant failure criteria to establish a failure function, the 
roots of which represent the initiation of failure. The mud pressure at which failure begins 
defines a limit of mud weight that can be used to avoid failure, which constitutes the output 
of the model. Graphs of mud weight versus borehole inclination, similar to that shown 
in Figure 16, can then be generated to assist the driller in selecting the optimum borehole 
trajectory and mud weight program. The plot includes the three modes of failure (tensile, 
active shear, passive shear) that can occur while drilling.
Once the optimum mud weight has been determined, it is useful to find the mud salinity 
at which the potential for shear failure is minimized. Thus, an algorithm has been developed 
to optimize mud salinity. However, since all criteria have been developed in terms of 
principal stresses, one must first determine the principal stresses.
Principal Stresses
The principal stresses are three mutually perpendicular normal stresses that act on the 
principal planes in which there are no shear stresses present. In other words, one has:
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Figure 16. A typical plot depicting tensile and shear failure as a function borehole 
inclination (after Fjaer, 1991).
'Tp =




intermediate, and minimum principal stresses, respectively. In vector notation, the principal 
stresses can be determined by letting the stress vector acting on the principal plane be 
ap — <j N, where cr and N  represent the magnitude of the stress vector and the unit normal 
to the principal plane, respectively. N  is then defined as: N  = li  +mj + nk where i, j ,  and 
k are the unit normals in the cylindrical coordinate system. The corresponding projections 
along the r, 6, and z directions are then given by (rpr — a ■ i , crvo — u • m, and apz =  a ■ n
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and the resulting stress expressions are (Chou and Pagano, 1967):
t  (o>r -  a) +  m arg +  narz =  0 (67)
£ar0 +  m ( a g d  -  a) +  na0z =  0  
£arz +  m agz +  n (azz -  a) =  0
Since the expressions in Equation 67 are linear and homogenous, the law of direction 
cosines, i.e., (£2 +  m 2 +  n2 =  1) assures that the trivial solution is impossible. Thus, 
the determinants of the coefficients must vanish, which leads to the following determinant:
(J (7 & r 9 a rz
(JrQ &oo — a ® 9 z =  0 (68)
(7rz & 9 z ® z z  cr
which can be expanded to get: 3a 3 -  (h a 2) -  (ha)  -  J3 =  0 (69)
where h ,  h> and / 3 denote the first, second, and third invariants of stress, respectively, 
which are defined by the following expressions:
1 1 a r r  a g g  T  a z z
h
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a rraggazz +  2argagza rz — a rra 2ez — a 0ga2z — a zza 2d
(70)
The principal stresses can then be obtained by solving for the three roots of Equation 69, 
all of which are real (Bell, 1920).
If the analysis is limited to the wellbore wall, the number of nonzero stress components 
is reduced from nine to five because there can be no shear stresses acting at the wall (i.e.,
aTg — arz — 0). i bus, the stress  tensor (Equation 68) now takes the form:
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(71)
<jrr — a  0 0
0 CTqq — a  <7 Qz
0 Ogz ozz — a
0
Expansion of Equation 71 leads to the following expression:
(<Trr -  O’)  [o -2 -  ( oqq  +  O  z z )  <7 +  (JggCTzz  -  CT&Z] (72)
which clearly has one root as oyr, representing a principal stress. The remaining two 
roots are found by applying the quadratic formula to the expression inside the brackets of 
Equation 72 and setting the results equal to zero. Doing this yields the following expressions 
for the three principal stresses at the borehole wall:
(j a cjrr (73)
006 +  Ozz /  o , 1 ( \2Ob =  ----- ^------- b y  Ogz +  -  (Ogg -- azz)
=  ----- 2-------- y  °̂ 0z +  4 -  ozz)
One can easily deduce from Equation 73 that Ob is always larger than ac so that crb will never 
correspond to the minimum principal stress. Furthermore, <rc can never be larger than ab 
and will therefore never represent the maximum principal stress.
Tensile Failure Analysis
According to the minimum stress theory, tensile fracturing occurs when the minimum 
effective principal stress reaches the tensile strength of the rock. The minimum stress theory 
was presented mathematically in Chapter 2 and given by Equation 58. However, while 
developing a borehole stability model it is more convenient to express Equation 58 as a 
function. This involves gathering the terms on the left side of the equation and setting the 
expression equal to zero. Doing this yields the following tensile failure 1 unction:
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Figure 17. Tensile failure function versus pw, permeable wellbore, r /a  =  1.0, (p =  {3 — 0°, 
t =  0.001 day.
ftens — +  To — 0 (74)
where a'3 is the minimum root of the principal stress equation (Equation 69 in Appendix 
2). The root of Equation 74 represents the mud pressure at which tensile failure is initiated. 
Thus, developing a tensile failure algorithm involves modeling the mathematical scheme for 
determination of the roots of Equation 74. In order to do this, it is first necessary to examine 
the behavior of the tensile failure under various circumstances. Thus, a numerical example 
was used to plot the failure function for both a permeable and impermeable wellbore.
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Table 5. Gulf of Mexico shale input parameters.
Variable Units Value





cf m2/sec 7.22 x 10-5






CT v MPa/km 25.0





The first simulation is done for the case of a vertical, permeable wellbore with the 
analysis limited to the wellbore wall. For the purpose of illustration, it is assumed that the 
hole is drilled in the Gulf of Mexico shale exhibiting the properties and in-situ conditions 
given in Table 5 and assuming Ta =  0. In addition, the effects of chemical and thermal 
loading are neglected in the present analysis. The results are the two curves plotted in Figure 
17 that result from the minimization and maximization of Equation 74 with respect to 0. It 
can be seen from the figure that Equation 74 has only one root (i.e., the location where the 
curve intersects the line y =  0). The root occurs at a mud pressure of «  17 MPa when the 
function is minimized and ss 37 MPa when it is maximized. These roots represent the mud
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pressure at which hydraulic fracturing is initiated due to either a tensile effective tangential 
or axial stress that develops as a result of excessive wellbore pressurization. Hence, the 
mud pressure at which hydraulic fracturing initiates is the lower of the two roots shown in 
Figure 17 because any further increase in wellbore pressure would only result in continued 
propagation of the fracture. Thus, according to Figure 17, tensile failure will begin when 
the mud pressure is «  17 MPa. If this root finding process is repeated at several different 
wellbore trajectories, one can create a tensile failure curve similar to the one depicted in 
Figure 16. The process involves setting the wellbore pressure pw equal to zero, calculating 
the minimized/maximized a'3 with respect to 9, and inserting its value into Equation 74. The 
resulting value is then plotted against the wellbore pressure. The entire process is repeated 
by incrementally increasing pw (e.g., 1 MPa increment) until the root is determined. This 
process is outlined below (algorithm I) and is depicted in a flow chart in Figure 18.
Algorithm I
This algorithm was designed specifically for the permeable case where the analysis 
is limited to r /a  =  1. It involves determining only the minimized root (with respect to 
6) of Equation 74 because the root of the maximized function is always greater than the 
minimized root.
(1) Input the in-situ stresses, pore pressure, rock and mud chemistry and temperature, 
time
(2) Select the borehole alignment parameters
(3) Initialize the mud pressure to zero (i.e., set pw =  0)
(4) Calculate the borehole stresses axx, <Jyy, azz, axy, crxz, ayz from the in-situ stresses 
using the stress transformation equation (Equation 28)
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(5) Calculate the cylindrical stresses a rr, a9e,crzz, <rr0, cr0z, arz and pore pressure 
p using the selected stress expressions (i.e., poroelastic, chemo-poroelastic, 
poro-thermoelastic)
(6) Calculate the minimum effective principal stress a'3 (i.e., the minimum root of 
Equation 69)
(7) Insert a'3 into Equation 74 and minimize the expression with respect to 6 to find 
the location along the borehole wall where a'3 is smallest and set the value of the 
function to f(i )  and
(a) If f(i )  =  0.0 the failure functional is satisfied and the root is 0
(b) If f(i )  ^  0.0, store the current functional value as /  (* — 1) and the current
wellbore pressure as p( i  — 1). Increase pw by 1 MPa and set it equal to p( i )  
and repeat steps 5-7. Then calculate the iteration index (I) using the following 
formula: I =  /  (i) • f  (i — 1)
where f  (i) represents the current function value and f  (i — 1) is the previous 
function value and proceed to step 8
(8) If I > 0.0 the root does not lie between the current p  (i ) and former wellbore 
pressures p( i  — 1), it is necessary to incrementally increase pw and repeat steps 
5-8 until I  <  0.0
(9) Call a numerical root bracketing routine to find the root within a specified tolerance 
and set the root =  plhi (min)
Impermeable Wall
The second simulation involves plotting the tensile failure function (Equation 74) as a 
function of wellbore pressure. The Gulf of Mexico shale data is again used, however, it is 
assumed that the walls of the vertical wellbore are impermeable. The plot is shown in Figure 
19, where the two curves represent the minimized and maximized function with respect to 
9. As can be seen from the figure, Equation 74 yields four roots for the impermeable case: 
two roots when the function is maximized («  5 and 52 MPa) and two roots for when the 
function is minimized («  15 and 27 MPa). It can also be observed that the lower bound
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Figure 18. Algorithm used to find the upper bound for tensile failure in a permeable well­
bore (considering the stress state at the borehole wall only).
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(=2 15 MPa) and upper bound («  27 MPa) of the safe operating zone are both dictated by the 
minimization of the tensile failure function with respect to 9. This is because the location of 
the minimum and maximum stresses change as mud pressure increases. If this were not the 
case, the lower root would be governed by the maximized function and the upper root by 
the minimized function. Thus, in terms of tensile failure, the complete safe operating zone 
is defined by the combination of the greatest lower root and the least upper root, which for 
this case is [15,27] MPa. The algorithm used to determine the two roots defining the safe 
operating zone is shown below as Algorithm II, which is also cast in flow chart format in 
Figure 20.
Algorithm II
Algorithm II is for determining the safe operating zone with respect to tensile failure 
of an impermeable wellbore. It can be seen from Figure 19 that the root which defines the 
lower bound of the safe operating zone corresponds to the smallest root of the minimized 
function and the upper bound corresponds to the largest root of the minimized function. This 
implies that it is only necessary to determine the two roots of the minimized tensile failure 
function. However, this is not always the case because the lower bound may be governed by 
the lower root of the maximized function. Thus, it is necessary to determine the two roots 
of both the minimized and maximized function. The roots can then be compared against 
one another to see which will dictate the size of the mud weight window.
The first several steps of this algorithm are similar to those in algorithm I but are shown 
here for completeness. Furthermore, the objective is to obtain the lower and upper roots of 
the maximized and minimized tensile failure function with respect to 9. Thus, it is necessary
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to apply the algorithm twice (once for the maximized case and once for the minimized case). 
The steps involved in algorithm II are:
(1) Input the in-situ stresses, pore pressure, rock and mud chemistry and temperature, 
time
(2) Select the borehole alignment parameters
(3) Initialize the mud pressure to zero (z.e., set pw =  0)
(4) Calculate the borehole stresses axx, cryy, a zz, <rxy, axz,a yz from the in-situ stresses 
using the stress transformation equation (Equation 28)
(5) Calculate the stresses orr,a  66,a zz,a rQ,ogz,a rz and pore pressure p using 
the selected stress expressions (i.e., poroelastic, chemo-poroelasdc, poro- 
thermoelastic)
(6) Calculate the minimum effective principal stress a'3 (i.e., the minimum root of 
Equation 69)
(7) Insert cr'3 into Equation 74 and minimize the expression with respect to 0 to find 
the location along the borehole wall where a'3 is smallest and set the value of the 
function to f( i )  and
(a) If f(i )  =  0.0 the failure functional is satisfied and the root is 0
(b) If f(i )  ^  0.0, store the current functional value as /  (i — 1) and the current
wellbore pressure as p (i — 1). Increase pw by 1 MPa and set it equal to p( i )  
and repeat steps 5-7. Then calculate the iteration index (I) using the following 
formula: I — f  (i) • /  (z — 1)
where f  (i) represents the current function value and /  (z — 1) is the previous 
function value and proceed to step 8
(8) If I >  0.0 the root does not lie between the current p( i )  and former wellbore 
pressures p  (z — 1) it is necessary to incrementally increase pw and repeat steps 5-7 
until I < 0.0
(9) Call a numerical root bracketing routine to find the root within a specified tolerance 
and set the root =  p\n (min)
(10) Set f ( i  — 1) to f ( i ) and increase the wellbore pressure to p(i) +  1 MPa
(11) Repeat steps 5 — 9, determine upper root, and set resulting value to plhi (min)
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Figure 19. Tensile failure function versus pw, impermeable wellbore, r /a  =  1.0,
cj) =  P =  0°, t =  0.001 day.
Steps 1-11 are then be repeated to find the two roots of the maximized functional. This 
simply reauires maximizing Equation 74 with respect to 6 (in step 7), solving for the two 
roots, and setting the lower root equal to p\0 (max) and the upper root to plhi (max). The 
lower bound of the safe operating zone for tensile failure is then given by maximum root 
of p\Q (max) and p\D (min) while the upper bound is set equal to the minimum root between 
Phi (min) and plhi (max).
A comparison of the permeable (Figure 17) and impermeable (Figure 19) cases indicates 
that an impermeable wellbore requires at least some mud weight to avoid tensile failure
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Figure 20. Algorithm used to find the two roots o f  the tensile failure function when wellbore
is impermeable or analyses conducted inside the fonnation.
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whereas a permeable wellbore does not require a minimum mud weight. This is due to the 
fact that the effective radial stress, a'rr, at the wall of a permeable wellbore is always zero, 
as illustrated in Figure 21. On the other hand, when the wellbore wall is impermeable the 
drilling mud does not penetrate the formation implying that a'rr may be tensile at the wall 
which can lead to radial spalling. In addition, if the wellbore is impermeable the effective 
radial stress at the wall varies with borehole angle 9. This variation can be attributed to mode 
3 loading. Finally, it can be seen by comparing Figures 17 and 19 that the upper root (i.e ., 
hydraulic fracturing due to excessive wellbore pressurization) is significantly lower for the 
permeable case. This is attributed to an increase in the pore pressure (for the permeable 
case) at high mud weights, which reduces the effective stresses and increases the potential 
for tensile failure.
Effects of Time and Radial Distance from Wellbore
It is important to note that the plots of the tensile failure function shown in Figures 17 
and 19 were limited to the wellbore wall and small time. This may not represent failure 
in fluid-saturated rocks because as it was illustrated previously the stress and pore pressure 
distribution at the wall is significantly different from the stress state inside the formation. In 
addition, pore pressure diffusion causes the stress state to become a function of time. Thus, 
it is necessary to examine the effects of time and distance on tensile failure.
Assume, for the moment, that we are only interested in the effects of time on the tensile 
failure function at the wall. If the wellbore is penneable, it was shown earlier that is 
only necessary to examine the upper root whereas for an impermeable wellbore one must 
consider the variation of both the upper and lower roots. Therefore, plots were generated
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Figure 21. Effective radial stress versus r ja , permeable and impermeable wall, (f> =  (3 =  0°, 
=  0,14 MPa, t — 0.001 day.
showing the roots of Equation 74 as a function of time for a permeable and impermeable 
wellbore. These are depicted in Figure 22, where it is noted that the values of the function 
at t =  0 (i.e., 15, 16, 27 MPa) shown in the figure correspond to the roots delineated in 
Figures 17 and 19 for small time (t — 0.001 day). It can be seen from Figure 22 that as time 
increases less mud weight is required to initiate hydraulic failure at high wellbore pressures 
(i.e., the upper root) for both a permeable and impermeable wellbore. In addition, the 
figure also shows that less mud weight is needed to avoid radial tensile failure (lower root, 
impermeable wellbore only) as time is increased. Thus, the safe operating zone exhibits a
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downward shift as time increases. Furthermore, Figure 22 also indicates that the 
impermeable roots change more dramatically with time than the permeable case. These 
phenomena can be attributed to the fact that the pore pressure change at the wall o f an 
impermeable wellbore is much more significant than for a permeable hole. However, for 
a permeable wellbore the most significant pore pressure changes occurs inside the rock. 
Therefore, it is useful to examine the behavior of the tensile failure functional inside the 
rock.
The tensile failure functional was plotted in Figure 23 for a vertical, permeable wellbore 
at the radial coordinates r /a  =  1 and r/a, =  1.1 at small time (t =  0.001 day), using 
the Gulf of Mexico shale example. It can be seen from Figure 23 that it now becomes 
necessary to maintain a minimum mud weight to prevent radial spalling inside the rock. In 
fact, according to Figure 23, a mud pressure of w 8 MPa is required to prevent radial tensile 
failure. This is also evident in Figure 24, where the lower bound of the safe operating zone 
of tension has been plotted as a function of normalized radial distance for various times. It 
can be seen from the figure that the potential for radial spalling occurs at small time and 
that >  8 MPa mud weight is required to prevent radial spalling. The figure also shows 
that the potential for radial spalling vanishes after 1 day. This is to be expected because, as 
mentioned previously, the maximum pore pressure change occurs inside the formation (near 
the borehole wall) in a permeable wellbore at small time as a result of deviatoric loading. 
However, this is contrary to the customary approach that a minimum mud weight must be 
maintained to prevent active shear failure.
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Further examination of Figure 23 reveals that the upper root of the tensile failure 
function is higher inside the formation (i.e ., r /a  =  1.1) compared to the predicted value 
at the wall. This implies that tensile splitting of the fonnation due to excessive wellbore 
pressure is initiated at the wall and not inside the rock for all times shown. This is further 
verified in Figure 25, where a plot indicating the fracture initiation pressure versus radial 
distance at various times for a permeable wellbore is depicted. It can be seen from the 
figure that indeed the function has its minimum at the wall. The figure also indicates that 
the potential for hydraulic fracturing increases as time increases (i.e., the value at the wall 
decreases with increasing time). Therefore, by incorporating the potential for failure inside 
the rock and combining it with the results shown in Figure 17, the overall safe operating zone 
for failure in tension of a permeable wellbore at small time is defined as [8,17] MPa, where 
the lower bound represents radial spalling inside the rock and the upper bound corresponds 
to hydraulic fracturing at the wellbore wall.
As a concluding remark, it is noted that algorithms I and II can only be applied for a 
specific borehole trajectory (3 and <j>, radial coordinate r/a , and time t. To obtain a plot 
of the tensile failure envelope (like the one shown in Figure 16), the algorithm must be 
repeated at a new borehole inclination.
Shear Failure Analysis
To analyze for shear failure, the model offers the user a choice of either the Mohr- 
Coulomb or Drucker-Prager shear failure criteria. The shear failure functions for both 
the Mohr-Coulomb or Drucker-Prager shear failure criteria were derived in Chapter 4 
(Equations 64 and 65) and are re-written here in terms of the effective stresses:
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Time, days
Figure 22. Tensile failure function versus pw at various times, impermeable and permeable 
wall, r /a  — 1.0, <p = P =  0°.
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Figure 23. Tensile failure function versus pw, permeable wall, r /a  =  1.0,1.1, <p — (3 =  0°, 
t =  0.001 day.
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Figure 24. Lower bound of tensile failure function versus r /a  at various times, permeable 
wall, 4> =  (3 -  0°.
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r /a
Figure 25. Upper bound of the tensile failure function versus r /a  at various times, 
permeable wall, 0 =  /3 =  0°.
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fmc =  <j\ -  (qu +  (?3 tan2 p'j =  0 (75)
fdP =  \P~2 ~  3md/i  - 6  =  0 (76)
where qu is the unconfined compressive strength of the rock, P =  f  +  (pa is the 
angle of internal friction, J 2 =  \  (s2 +  +  sl) *s the second deviatoric stress invariant,
1 1 — a i +  a 2 +  cr3 is first spherical stress invariant, st =  Oi — =6-,, md =  —
V 3y'3+sin  0 a
b =  -7̂ - os^ .., and is tlie cohesive strength of the rock.
%/3 3+cos 4>a ’ °  2tan/3
The failure analysis in shear can also be described through an example. Consider 
drilling a well in the Gulf of Mexico shale example presented previously. The plots of 
both shear failure functions versus wellbore pressure have been generated and are shown 
in Figures 27 and 28. It is clear from the two graphs that each plot has two roots (i.e., the 
value of pw where the shear failure function is zero); one corresponding to active shear 
failure (the lower root) and the other to passive shear failure (the upper root). This is not 
immediately obvious for 6 — 90° in Figure 27 because the lower root has been omitted 
because the shear failure function is less than zero at pw — 0. Nevertheless, the lower and 
upper bounds are determined in the same manner as the impermeable case of tension, i.e., 
the lower bound corresponds to the lowest root of the maximized function and the upper 
bound to the highest root of the minimized. From Figures 27 and 28, one can see that 
the safe operating zone of shear predicted by the Mohr-Coulomb criterion is [15,29] MPa 
and by the Drucker-Prager criterion is [8,34] MPa. Thus, if one uses the Mohr-Coulomb 
criterion, the predicted range of mud weights that can be used during drilling is restricted, 
which may persuade the drilling engineer to abolish drilling unnecessarily. On the other
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hand, based on the Drucker-Prager criterion, the mud weight window is larger. However, 
as noted previously, the Drucker-Prager criterion may overpredict the strength of the rock.
The procedure used to determine wellbore pressure at which active and passive shear 
failure will occur is nearly the same as the impermeable tension algorithm (algorithm II) 
presented above. However, one must use the shear failure functions (Equations 75 and 76) 
in place of Equation 74. The shear failure function must then be maximized or minimized 
with respect to 9. For completeness, the algorithm reflecting these changes is shown below. 
In addition, the flow chart for this algorithm is given in Figure 20.
Algorithm III
The purpose of this algorithm is to obtain the two roots of Equation 75 (or 76) in a 
manner similar to that in algorithm II. Algorithm III involves the following steps:
(1) Input the in-situ stresses, pore pressure, rock and mud chemistry and temperature, 
time
(2) Select the borehole alignment parameters
(3) Initialize the mud pressure to zero (i.e ., set pw =  0)
(4) Calculate the borehole stresses axx, ayy, o zz, oxy, crxz,o yz from the in-situ stresses 
using the stress transformation equation (Equation 28) 567
(5) Calculate the stresses <rr r , <rfle, erZ2, o r0, o0z, 0Vz and pore pressure p using 
the selected stress expressions (i.e., poroelastic, chemo-poroelastic, poro- 
thermoelastic)
(6) Calculate the effective principal stresses o \ ,a 2, a3
(7) Insert , a 2, cr'3 into Equation 75 (or 76) and minimize the expression with respect 
to 9. Set the value of the current function to f(i )  and
(a) If f( i )  =  0.0 the failure functional is satisfied and the root is 0
(b) If f( i )  7  ̂ 0.0, store the current functional value as /  (i — 1) and the current
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wellbore pressure as p (i — 1). Increase pw by 1 MPa and set it equal to p  (i ) 
and repeat steps 5-7. Then calculate the iteration index (I) using the following 
formula:
* =  / (»)  • / ( * - ! )
where f  (i) represents the current function value cind f  (i — 1) is the previous 
function value and proceed to step 8
(8) If I >  0.0 the root does not lie between the current p  (i ) and former wellbore 
pressures p (i — 1) it is necessary to incrementally increase pw and -epeat steps 5-7 
until I <  0.0
(9) Call a numerical root bracketing routine to find the root within a specified tolerance 
and set the root to p3lo (min)
(10) Set f ( i  — 1) to f( i )  and the wellbore pressure p(i) to p(i) +  1 MPa
(11) Repeat steps 5 — 9 to determine the upper root. Set the resulting value to pshi (min)
Steps 1-11 can then be repeated to find the two roots of the maximized function (step 
7). The two roots of the maximized function are then set to pslo (max) and pshi (max). The 
safe operating zone for shear failure is then bounded by largest root between pslo (max) and 
pslo (min) while the upper root is between pshi (max) and pshi (min).
The roots of the shear failure function can then be combined with those of the tensile 
failure function to yield the safe operating zone. It is also worthwhile to mention that the 
character of the shear failure functions does not change when an impermeable boundary 
condition is applied to the wellbore. That is, active (lower root) and passive shear failure 
(upper root) are present for both a permeable and impermeable wellbore. However, as can 
be seen in Figures 29 and 30, imposing an impermeable boundary on the wellbore causes 
the safe operating zone to be shifted to the right, indicating that additional mud weight will 
be required to prevent active shear failure.
87
Figure 26. Algorithm used to find the two roots of the either Mohr-Coulomb or Drucker 
Prager shear failure functions.
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Figure 27. M ohr-Coulomb shear failure function versus pw, permeable wall, r /a  =  1.0,
0  =  0  =  0°, t =  0.001 day.
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Figure 28. Drucker-Prager shear failure function versus pw, permeable wall, r /a  =  1.0,
(J) =  (3 — 0°, t =  0.001 day.
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Figure 29. Mohr-Coulomb shear failure function versus pw, impermeable and permeable
wall, r /a  =  1.0, (p =  /3 =  0°, t — 0.001 day.
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Figure 30. Drucker-Prager shear failure function versus pw, impermeable and permeable
wall, r /a  =  1.0, 0  =  0  =  0°, t =  0.001 day.
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Effects of Time and Radial Distance from Wellbore
It was illustrated previously that if the wellbore walls are permeable, the maximum pore 
pressure generation occurs inside the rock in the proximity of the wellbore (but not at the 
wall). Therefore, it is desirable to examine the behavior of the shear failure functions inside 
the rock. This is done by plotting the Mohr-Coulomb and Drucker-Prager failure functions 
(Figures 31 and 34). Considering the stress state inside the rock, Figure 31 shows that 
according to the Mohr-Coulomb criterion compressive failure is still governed by failure at 
the wall. In fact, it can be seen in the figure that a mud pressure of «  15 MPa is needed 
to prevent active shear failure. This can be attributed to drainage of the formation (at low 
mud weight), which increases the effective stress and, consequently, the potential for shear 
failure. This could, potentially, be a factor in the development of borehole breakouts (i.e ., a 
change in the borehole cross-section due to extensile fractures subparallel to wellbore) that 
frequently form in boreholes (Zheng et. al., 1989). If the effects of time are considered, 
it can be seen in Figure 32 that as time increases, the minimum mud weight required to 
prevent active shear failure is increased (up to «  1 day) to greater than 15 MPa. In terms 
of passive shear failure, the maximum m ud weight that can be used is also governed by the 
stress state at the wall and is ~  28 MPa, as indicated in Figure 33. This is expected because 
the maximum poroelastic stress concentration occurs at the wall due to the presence of an 
hydraulic overbalance (which reduces effective stresses) at high mud pressures.
For the sake of completeness, similar analyses were conducted for the Drucker-Prager 
failure function and are shown in Figures 34-36. It can be seen from Figure 34 that the 
bounds of the safe operating zone for shear failure, as predicted by Drucker-Prager criterion,
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Figure 31. Mohr-Coulomb shear failure function versus pw, permeable wall, r /a  =  1.0,1.1, 
(j) =  (5 — 0°, t =  0.001 day.
are also governed by the stress state at the wall. This is further validated in Figures 36 and 
35 where the mud weight predicted by the Drucker-Prager criterion are plotted. In fact, it 
can be seen from Figure 35 that the minimum required mud weight is «  7.5 MPa at small 
time but increases to «  8.3 MPa at t — 0.1 day. This can also be attributed to the fact that 
drainage of the formation is occurring resulting in an increase in the effective stresses. In 
terms of passive shear failure, it is evident from Figure 35 that failure will also occur at the 
wall for all times. This is consistent with the Mohr-Coulomb criterion and suggests that
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Figure 32. Minimum mud pressure required to avoid active shear failure (Mohr-Coulomb) 
versus r /a  at various times , permeable wall, </» =  /? =  0°.
shear failure is governed by the effective stress state at the wall and not choice of failure 
criteria, as expected.
Optimum Salinity
When drilling in a chemically-active rock, it is also necessary to optimize mud 
chemistry. In general, this is accomplished by manipulating the mud salinity. Increasing 
the salinity lowers the water activity of the mud, resulting in the flow of water out of the 
formation. A low mud salinity represents a higher activity and may lead to hydration of 
the rock. The latter scenario promotes shear failure while the former tends to stabilize the
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Figure 33. Maximum mud pressure that can be used to avoid passive shear failure
(Mohr-Coulomb) versus r /a  at various times , permeable wall, 0  =  {3 =  0°.
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Figure 34. Drucker-Prager shear failure function versusp^, permeable wall, r /a  =  1.0,1.1,
0  =  /? =  0°, t =  0.001 day.
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r / a
Figure 35. Minimum mud pressure required to avoid active shear failure (Drucker-Prager)
versus r /a  at various times, permeable wall, <j> — (3 =  0°.
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Figure 36. Maximum mud pressure required to avoid passive shear failure (Drucker-Prager)
versus r /a  at various times, permeable wall, 4> =  P =  0°.
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rock in terms of shear. To illustrate this, consider a numerical example with the relevant 
properties shown in Table 6. Figure 37 shows the plot of the minimized Drucker-Prager 
shear failure function (with respect to 9) versus mud pressure for this example. The optimum 
salinity is the salinity at which the shear failure function is minimized. For this example, 
it can be seen from Figure 37 that the optimum mud salinity ranges from 42% to 47%, 
depending on the applied mud pressure. For example, it has been determined that a mud 
pressure of 25 MPa is to be used during drilling. Therefore, a mud salinity of 42% should 
be used to minimize the possibility of active shear failure. Flowever, caution must be used 
because severe damage can occur to the drilling equipment when the mud salinity becomes 
excessive. This concept can also be used to determine the optimum mud salinities as a 
function of wellbore inclination. The procedure used to accomplish this is outlined below 
in Algorithm iY
Algorithm IV
The purpose of this algorithm is to determine the salinity which minimizes Equation 75 
(or 76) at a given wellbore orientation. The algorithm can then be repeated at a new wellbore 
orientation to generate a plot of optimum salinity versus wellbore inclination similar to the 
plots depicted in Figure 120. The procedure involves the steps shown below. A flow chart 
of Algorithm IV has also been generated and is shown in Figure 38.
(1) Input the in-situ stresses, pore pressure, rock and mud chemistry and temperature, 
time
(2) Select the borehole aligmnent parameters
(3) Initialize the mud salinity
(4) Calculate the borehole stresses crxx, cryy, crzz, crxy, crxz,o yz from the in-situ stresses
1 0 0
Table 6. Input parameters for salinity optimization example.
Variable Units Value





K Darcy/cp 7.6 x 10"8











using the stress transformation equation (Equation 28)
(5) Calculate the cylindrical borehole stresses crrr,cr9e,crzz, ar9, cr9z, arz and pore 
pressure p using the selected stress expressions (i.e., poroelastic, chemo-poroelastic, 
poro-thermoelastic)
(6) Calculate the effective principal stresses a x, a 2, <r'3
(7) Insert a'x, a'2, a z into Equation 75 (or 76) and minimize the function with respect to 
9. Set the value of the current function to f ( i )
(8) Incrementally increase the mud salinity
(9) Calculate the effective principal stresses a'x, cr'2, cr'3
(10) Insert o x, a2, o3 into Equation 75 (or 76) and minimize the function with respect to 
9. Set the value of the current function to f ( i  +  1)
(a) If f ( i  +  1) < f(i),  repeat steps 8 — 10
(b) If f ( i  +  1) < f( i )  or if f ( i  +  1) =  f{i),  go to step 11
(11) Input f ( i  — 1) and f ( i  +  1) into a minimization routine to determine the salinity 
(within a specified tolerance) that minimized Equation 75 (or 76)
1 0 2
Figure 37. Drucker-Prager active shear failure function versus mud salinity at various mud 
weights using CaCl2 mud, <fi — /3 =  0 =  O°,£ =  0.001 day.
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Figure 38. Algorithm used to find the optimum salinity to minimize the shear failure 
functions.
CHAPTER 6
MODEL VERIFICATION AND APPLICATION 
Model Validation
In order to validate the model, several previously published examples concerning 
poroelasticity, chemo-poroelasticity, and poro-thermoelasticity have been considered and 
their results compared to the results obtained using this model. The publications used are: 
(1) Cui et. al. (1997), (2) Cui et. al. (1999), (3) Cui et. al. (1998), and (4) Li (1998). 
The input parameters for each of these examples are summarized in Table 7, where a dash 
indicates data not available or applicable.
The first plots, Figures 39 and 40, are the effective radial stress versus normalized radial 
distance and borehole angle, respectively, for a permeable wellbore using example 2 (case 
1). If one compares these figures to Figures 6 and 7 found in Cui et. al. (1997), it is 
evident that this model produces similar results. The plots of the safe operating zone versus 
wellbore inclination for a permeable borehole using example 2 (both cases) are depicted in 
Figures 41 (easel) and 42 (case 2). These figures correlate quite well with Figures 8 and 9 
published in Cui et. al. (1999), which are not shown here. Hence, it can be surmised that 




Table 7. Input parameters for cited examples.




Ex. 3 Ex. 4
(7 v MPa/km 25.0 25.0 22.6 0.0 25.0
MPa/km 29.0 29.0 18.0 0.0 22.0
MPa/km 20.0 20.0 14.0 0.0 18.0
Vo MPa/km 9.8 9.8 10.4 0.0 9.8
depth meters 1000 1000 1000 1000 1000
G MPa 7.6 E~2 7.6E~2 7.6£~2 3.82 E +3 7.6 E~2
V - 0.219 0.219 0.219 0.24 0.219
Vu - 0.461 0.461 0.461 0.31 0.461
B - 0.915 0.915 0.915 0.78 0.915
a - 0.968 0.968 0.968 0.77 0.968
Cf m2/s 1 .54£-2 1.78£-6 1.78 E~6 0.772E~6 1.78 E~6
TJ .  Q MPa 0.0 0.0 0.0 0.0 —
md - 0.1 0.14 0.14 — —
b MPa 18.0 12.0 12.0 — —
Ta 2F °c - i — — — :m E ~ 6 —
Ta m “C -1 — — — 18 E~6 —
Ct m2/s — — — 1.6 E~6 —
Cf T Pa/°C — — — 0.52 E 5 —
<t>o - — — — 0.14 —
A T °C — — — ±50 —
Plots of pore pressure (Figure 43), effective tangential stress (Figure 44), anr effective 
radial stress (Figure 45) versus normalized radial distance for an impermeable wellbore 
using example 4 to compare with the results reported by Cui et. al. (1998). These three 
graphs also agree with the results presented in Figures 4 6 of Cui et. al. (1998), which 
indicates that the poroelastic impermeable solution generated by this model is correct.
The chemo-poroelastic solutions have been published previously (Ghassemi et. al. 
1999) and can be found here in Figure 118. The poro-thermoelastic solutions presented 
here is also compared with the literature. The induced temperature, pore pressure, total 
radial, and total tangential stresses have been plotted using example 4 (given in Table 7)
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Figure 39. Effective radial stress versus r /a  at various times using example 1, permeable
wall, pw =  0, <j> =  30°, /? =  60°, 9 =  30°.
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Figure 40. Effective radial stress versus 9 using example 1, permeable wall, pw =  0,
$  =  30°, 0  =  60°, t =  0.001 day.
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Figure 41. Mud weight versus (3 at various times using Drucker-Prager criterion using
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Figure 42. Mud weight versus [3 at various times using Drucker-Prager criterion using
example 2, case 2, permeable wall, <p =  0°.
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Figure 43. Pore pressure versus 0 at various times using example 3, impermeable wall,

















Figure 44. Effective tangential stress versus 9 at various times using example 3,

















Figure 45. Effective radial stress versus 9 at various times using example 3, impermeable
wall, pw — 0, cp =  (3 — 0°.
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and are shown in Figures 46 - 49. Comparison of these figures with those given in Figures 
5-8 of Li (1998) indicates that the results generated here are similar (but not identical). 
The slight discrepancies have been attributed to the possibility of incorrectly reported input 
parameters by Li (1998). In fact, an input parameter calculation revealed that the value of 
B reported by Li (1998) is incorrect. If the correct value of B is used, one obtains the result 
presented here. Therefore, one can assume that the model is correct in accordance with the 
theoretical formulation of the problem as well as comparisons versus previously published 
results.
Figure 46. Temperature distribution versus r /a  at various times using example 4, permeable 
wall, pw =  0, AT =  +50°C, <p =  (3 =  0°.
Figure 47. Thermally-induced pore pressure versus r /a  at various times using example 4, 
permeable wall, pw — 0, AT =  +50°C, 0 — j3 — 6 — U°.
Model Application
The algorithms presented in Chapter 8 can be utilized to generate plots of mud weight 
versus borehole inclination similar the one shown in Figure 16. Graphs of these kinds are 
effective visual aids for field engineers because they indicate the mud weights that can be 
used to prevent tensile and shear failure.
In this chapter, the mud weight analyses have been divided according to the poroelastic,
chemo-poroelastic, and poro-thermoelastic stress and pore pressure solutions. Both cases
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Figure 48. Thermally-induced total radial stress versus r /a  at various times using example













Figure 49. Thermally-induced total tangential stress versus r /a  at various times using 
example 4, permeable wall, pw — 0, AT =  +50°C, cj) =  /3 =  6 =  0°.
of a permeable and impermeable wellbore are also examined (not for chemo-poroelastic). 
All plots are generated using the Drucker-Prager shear failure criteria. A separate section 
is provided to compare the Drucker-Prager and Mohr-Coulomb criteria. In addition, all 
figures indicating small time use t =  0.001 day (86.4 seconds). It is noted that t =  0.001 




The first plot shown in Figure 50 depicts the safe operating zone versus borehole 
inclination (at selected times) using the fully-coupled poroelastic solution (neglecting 
chemical and thermal effects) at the wall only. The x-axis represents the wellbore inclination 
from the vertical position (/3 =  0°) to the horizontal position (/3 =  90°) along the a/-axis 
(4> =  0°), as illustrated in Figure 51. The shaded region in Figure 50 represents the safe 
operating zone, which is bounded by a minimum mud weight (needed to avoid borehole 
collapse) and an upper bound (i.e., the highest mud weight that can be used before causing 
tensile splitting or passive shear failure). It is clear that in this case, the safe operating zone 
is expanded as borehole inclination increases. This phenomenon is due to the fact that the 
in-plane stress difference at the vertical position is greater than at the horizontal position 
implying that shear failure is more likely at the vertical position, as Figure 50 indicates. 
If the wellbore is inclined to the horizontal position along the y-axis (Figure 53), the safe 
operating zone will also be expanded as inclination increases (Figure 52).
Another important observation that can be made from Figure 50 is the effect of time. It 
can be observed from the figure that the range of mud weights that can be used is reduced 
as time increases. For this example, the reduction in the safe operating zone appears to be 
relatively insignificant because of the wide range of mud weights that can be used. However, 
while drilling in hostile downhole environments where the operating window is extremely 
tight, the effects of time become extremely important.
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The reduction in the safe operating zone with increasing time can be explained by 
considering the effects of pore pressure diffusion on the state-ofstress near the wellbore 
wall. For example, the lower bound in the current example represents a mud pressure that is 
less than the formation pore pressure (i.e., a hydraulic underbalance). Therefore, there is an 
influx of pore fluid into the wellbore thereby reducing the pore pressure (and total stresses) 
near the wellbore. As drainage continues, the effective stresses increase (differentially with 
respect to the decrease total stresses) and, therefore, increases the potential for compressive 
failure. Thus, additional mud weight is needed to equalize the increase in effective stresses. 
On the other hand, the fracture pressure typically exceeds the formation pore pressure (i.e., 
a hydraulic overbalance). This results in a pore pressure increase near the wellbore that 
reduces the effective stresses. Continual pore pressure loading creates additional reductions 
in the effective stresses and, therefore, increases the potential for hydraulic fracturing. Thus, 
the combination of the poroelastic processes occurring at the lower and upper bounds leads 
to an overall decrease in the mud weight window.
It is worthwhile to note that the graphs shown in Figures 50 and 52 do not consider 
failure inside the formation. This is important because it was demonstrated previously that 
there are substantial stress and pore pressure changes that occur inside the formation due 
to pore pressure and deviatoric loading. Therefore, a plot of mud weight versus wellbore 
inclination considering failure inside the rock was generated and is shown in Figure 54. As 
can be seen from the figure, active shear failure and the upper bound of the safe operating 
zone are unchanged by considering failure inside the rock. However, if  failure inside 
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Figure 50. Mud weight vs (3, r /a  — 1.0, permeable wall, 6  =  0°, t — 0.001 day.
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Figure 51. Inclination of a wellbore from vertical to horizontal, 4> — 0°.
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Figure 53. Inclination of a wellbore from vertical to horizontal, <p =  90°.
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to radial tensile failure. This is expected because at low mud weight the induced pore 
pressure is greatest inside the rock and small time, which creates a tensile effective radial 
stress, as shown in Figure 21 (this phenomenon was also evident in the plot of the tensile 
failure function Figure 23). The result is the development of radial, concentric fractures 
similar to the one depicted in Figure 11-c. The radial fractures are considered by the 
petroleum industry to be kinematically stable and are usually the result of rapid wellbore 
depressurization (Cheng et al., 1993). Assuming that is true, the lower bound of the safe 
operating zone depicted in Figure 54 may be pessimistic. In other words, if one does not 
consider radial tensile failure the lower bound of the safe operating zone will be expanded 
and will be represented by active shear failure. It should be noted that Figure 54 does not 
depict passive shear failure because the upper bound of the safe operating zone is governed 
by tensile failure. Therefore, to eliminate cluttering of the graph the passive shear failure 
curves were omitted. In subsequent plots in this thesis, only the curves representing the safe 
operating zone will be plotted.
Finally, one must note that the strength properties used in Figures 50, 52, and 54 were 
assumed to be constant. This assumption may not be valid because there is a significant 
reduction in strength when shales become hydrated. In particular, mud infiltration into the 
formation can drastically change the elastic modulus, compressive strength, and internal 
friction angle (Chenevert, 1970).
Impermeable Wall
The plot o f  mud weight versus borehole inclination (at small time) comparing a
permeable and impermeable wellbore drilled in the G ulf o f  Mexico shale is shown in Figure
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Figure 54. Mud weight vs f3, r /a  >z 1.0, permeable wall, =  0°, t — 0.001 day.
55. The graph was constructed using the borehole stability design code (algorithms II & 
III) assuming isothermal conditions. The figure illustrated that the safe operating zone is 
bounded by radial tensile failure (lower bound) and hydraulic fracturing (upper bound). 
This is in contrast to the permeable case (where the lower bound was governed by active 
shear failure at the wall) and can be attributed to a tensile effective radial stress that develops 
at the wall at low mud pressures, as illustrated in Figure 21. Another interesting feature of 
the impermeable wall that can be seen from Figure 55 is the substantial upward shift in the 
upper tensile failure and shear failure curves which creates an entirely new range of mud 
weights that can be used in the drilling program. This behavior emerges from the imperm-
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able boundary that prohibits mode 2 pore pressure loading (although deviatoric loading is 
still present). Thus, pore fluid diffusion is halted so that the total and effective stresses 
change only because of mode 3 loading. At high mud pressures, the lack of pore fluid 
invasion prevents a further decrease in the effective stresses beyond the decrease induced 
by modes 1 and 3 loading. The net effect is that the initiation of hydraulic fracturing that 
will occur at a higher mud weight. The upward shift of the lower shear botmd is caused 
by an increase in the pore pressure at the wall due to the impermeable boundary. This can 
only occur if the rock is impermeable but is not realistic if a filter cake is the mechanism 
providing the impervious barrier because the filter cake relies on hydrostatic mud pressure 
to maintain integrity. Hence, if drilling with a hydraulic underbalance the formation pore 
fluid will drain into the formation causing the filter cake to be destroyed. In that case, the 
permeable solution provided above is applicable.
As time is increased, it can be seen from Figure 59 that safe operating zone is shifted 
downward. In other words, the potential for shear and tensile failure increase. As was the 
case for the permeable wellbore, after 1 day there is essentially no change in tbe mud weight 
window.
Chemo-poroelastic Analysis
A stability analysis was also conducted at the wall using the chemo-poroelastic solution 
and the results are presented in Figure 57. From the figure, one can see that if the activity 
of the shale is less than that of the drilling fluid, the safe operating zone is reduced. This is 
caused by chemical osmosis driving water into the formation and significantly increasing 
the pore pressure. On the other hand, if the activity of the shale is greater than that of the
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Figure 55. Mud weight vs 0, r /a  =  1.0, impermeable and permeable wall, <f> =  0°, 
t — 0.001 day.
drilling fluid, a pore pressure decrease occurs and the safe operating zone is expanded. This 
can be validated by plotting the shear and tensile failure functions versus wellbore pressure 
for various mud activities. This was done for a vertical wellbore and the results are depicted 
in Figures 58 and 5° From the figures, one can see that the shear failure function is reduced 
as mud activity decreases while the tensile failure function increases. Thus, the net effect is 
an increase in the safe operati ng zone since the root of the shear failure function is decreased 
and the root of the tensile function is increased. This is beneficial in drilling because the 
expanded zone allows for more flexibility in the mud program. However, caution should
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Figure 56. Mud weight vs f3 at various times, r /a  =  1.0, impermeable wall, 0 =  0°.
1 2 8
be heeded because increasing salinity beyond an optimum value may actually induce 
additional shear stresses and possibly initiating shear failure (Hale and Mody, 1992: 
Chassemi et. ah, 1999). This phenomenon will be demonstrated in the chemo-poroelastic 
sensitivity analysis in Chapter 7.
Figure 57. Mud weight versus /3 for various a™, r /a  =  1.0, permeable wall, <f> =  0°, 
t -• 0.001 day.
Figure 58. Maximized Drucker-Prager shear failure function versus pw at various a™, 
r /a  =  1.0, (j) =  p  =  6 =  0o, t  =  O.OOlday.
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Figure 59. Minimized tensile failure function versus pw at various a™, r /a  — 1.0,
cj) =  (3 =  6 =  0°, t =  0.001 day.
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Poro-thermoelastic Analysis
The drilling of a wellbore is a continual motion (ideally) that leads to gradual deepening 
of the wellbore. Initially, the relatively cool mud (and bit) comes in contact with increasingly 
warmer rocks (with depth). This leads to cooling of the formation near the wellbore. 
The cooling induces a pore pressure drop inside the formation which, in turn, increases 
the total and effective stresses near the wellbore. As time increases, the mud temperature 
will equilibrate with its surroundings so that the formations higher in the section become 
subjected to the increased temperature of the mud. The heating generates increased pore 
pressure and total stresses (because confined) near the wellbore which reduces the effective 
stresses. These processes may be occurring simultaneously in the wellbore, as shown in the 
hypothetical wellbore portrayed in Figure 60. Furthermore, since the effective stresses are 
a function of the boundary conditions at the wall, the effects of thermal loading on wellbore 
stability are investigated for both a permeable and impermeable wellbore.
Permeable Wall
The impacts of thermal loading at the wall of a permeable wellbore can be investigated 
by examining the active shear failure bound (Figure 61) and the hydraulic fracturing bound 
(Figure 62). It is evident from Figure 61 that heating increases the minimum mud weight 
that must be used to avoid compressive failure whereas cooling decreases the necessary 
mud weight. Thus, to minimize the potential for shear failure it is desirable to cool the 
mud. Flowever, caution should be used because cooling will also decrease the mud weight 
required to initiate hydraulic fractures, as indicated in Figure 62. These phenomena can 
be used to the advantage of the drilling engineer to avert failure by means of temperature
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Figure 60. Temperature differences along the length of a wellbore.
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control, particularly in extended reach wells where the operating window may be tight. 
As an example, consider the case of a vertical well (i . e (3 — 0°). If a planned mud 
weight of approximately 900 kg/rn3 is to be used, according to Figure 61 under isothermal 
conditions the well will be stable (in terms of compressive failure), even after 1 day. As 
the well continues to be drilled, assume the mud becomes heated by +50°C. As the mud 
continues to circulate, it comes in contact with the rock above and induces a temperature 
gradient. Hence, the wellbore that was initially stable (under isothermal conditions) will 
now undergo compressive failure which can lead to pack off and possibly stuck pipe. Thus, 
failure to consider the effects of heating and cooling on the effective stress state near the 
wellbore may lead the drilling engineer to use a mud weight that is not adequate to provide 
the additional support needed to prevent active shear failure.
To further complicate things, the stress state inside the rock must also be considered 
because of the poroelastic effects that occur inside the rock (see Figure 47). As was 
mentioned previously, when the failure analysis includes the stress state inside the rock it 
becomes necessary to account for the potential of radial spalling (i.e., radial tensile failure). 
This was done and a plot of the safe operating zone, which considers the stress state inside 
the rock, is shown in Figure 63. The figure indicates that for an isothermal environment 
and for heating (AT =  +50°C) there is a radial tensile failure curve present. In fact, for the 
case of heating the radial tensile failure curve is higher than the hydraulic fracturing curve. 
This suggests that the wellbore will fail no matter what mud weight is used. However, it was 
mentioned previously that radial fractures are kinematically stable and so that their presence 
does not influence the stability of the wellbore. It can also be seen from Figure 63 that if the
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Figure 61. Minimum mud weight required to avoid active shear failure as a function of (3 
for various times, permeable wall, A T  =  ±50°C, $ — 0°, t =  0.001 day, r /a  =  1.0.
wellbore is cooled the radial tensile failure curve is eliminated because the effective radial 
stress is no longer tensile in the region near the wellbore. Finally, Figure 63 also reveals 
that active shear failure and hydraulic fracturing are governed by the stress state at the wall. 
This was not anticipated because the maximum pore pressure change for a permeable rock 
occurs inside the formation, implying that failure may be initiated inside the rock.
Impermeable Wall
It was mentioned previously that if the rock being drilled is impermeable, the effects
of chemical osmosis and heat transfer via fluid flow are null because the fluids are unable
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Borehole Inclination, 3°
Figure 62. Maximum mud weight that can be used to avoid hydraulic fracturing o f the rock
as a function o f (3 for various times, permeable wall, A T  =  ± 50°C , (p =  0°, t =  0.001 day,
r /a  — 1.0.
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Figure 63. Mud weight vs f3 considering failure inside the rock, A71 — ±50o(7, permeable 
wall, (j) — 0°, t =  0.001 day.
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to penetrate the formation (i.e ., no mode 2 loading). However, if a thermal gradient exists 
there will be heat conduction through the rock matrix and pore fluid. Hence, heating or 
cooling of an impermeable wellbore is a time-dependent process that will also change the 
stress and pore pressure state in the vicinity of the wellbore. To further illustrate this, a 
plot of the temperature distribution as a function of normalized radial distance is shown in 
Figure 64 for various times. A comparison of Figures 46 and 64 reveals that the temperature 
distribution does not change if the wellbore boundary conditions change. This was expected 
because heat convection was not considered in this analysis. However, comparing Figures 
47 and 65 shows that the maximum thermally-induced pore pressure occurs at the wall o f an 
impermeable wellbore (as opposed to inside the rock for the permeable case). This implies 
that failure is most likely to occur at the wall for the impermeable case. Thus, several plots 
have been generated indicating active shear failure, hydraulic fracturing, and radial spalling 
at the wall of an impermeable wellbore as a function of wellbore inclination. These are 
shown in Figures 66, 67 and 68, respectively. It is noted that A T =  ±10°C is used in 
these figures instead of A T =  ±50°C  (which was used previously) because A T =  ±50°C 
results in an unstable wellbore at any position (i.e., the active shear bound is greater than 
the hydraulic fracture bound). It can be seen from Figure 66 that cooling an impermeable 
wellbore will decrease the mud weight required to trigger active shear failure. On the other 
hand, heating results in an increase in the required mud weight. The figure also shows 
that the wellbore becomes more stable as time increases (i.e., the required mud weight 
decreases). In terms of tensile failure, Figure 66 shows that cooling increases the hydraulic 
fracturing bound (i.e., additional mud weight is required to initiate fracturing) while heating
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Figure 64. Temperature distribution versus r /a  at various times, impermeable wall, pw — 0,
A T  =  +50°C, <j> =  (3 =  0°.
decreases it. Furthermore, Figure 67 also illustrates that as time increases, the potential for 
hydraulic fracturing increases. In addition, Figure 68 illustrates that cooling reduces the 
potential for radial spalling and heating increases the potential. The figure also reveals that 
the potential for radial spalling decreases as time increases. In comparing the permeable 
and impermeable cases, the boundary condition imposed on the wellbore does impact the 
potential for shear, hydraulic fracturing, and radial spalling. The effects of heating and 
cooling on the stability of permeable and impermeable wellbores are summarized in Table
8.
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Figure 65. Thermally-induced pore pressure versus r /a  at various times, impermeable wall,
pw — 0, AT =  +50°C', <j) =  /3 =  e =  0°.
Table 8. Effects of heating/cooling on wellbore stability at the wall.
Failure Type Wall Heating Cooling
Shear perm. inc. potential, dec. with time dec. potential, inc. with time
Shear imperm. inc. potential, dec. with time dec. potential, dec. with time
Tension perm. dec. potential, inc. with time inc. potential, inc. with time
Tension imperm. inc. potential, inc. with time dec. potential, inc. with time
Radial Spall. perm inc. potential, dec. with time dec. potential, inc. with time
Radial Spall. imperm inc. potential, dec. with time dec. potential, dec. with time
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Figure 66. Minimum mud weight that can be used to avoid active shear failure as a function
o f /3 for various times, impermeable wall, A T  =  ±10°C', 0  =  0 ° , r / a — 1.0.
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Figure 67. Maximum mud weight that can be used to avoid hydraulic fracturing o f the rock
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Figure 68. Minimum mud weight that can be used to avoid radial spalling as a function o f
j3 for various times, impermeable wall, A T  =  ±10°C', (j) =  0°, r /a  — 1.0.
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Poroelastic \fersus Elastic Solution
In the petroleum industry, it is common practice to use the elastic theory to predict the 
stress state around a wellbore. However, the elastic theory is not adequate for conducting 
borehole stability analyses in fluid-saturated rocks because it is independent of time. To 
illustrate this, the safe operating zone predicted by the elastic and poroelastic solutions have 
been plotted and are shown in Figures 69 and 70 for deviation from vertical to horizontal 
along the x and y axes, respectively. It is evident from the two graphs that the elastic solution 
limits the permissible range of mud weights that can be used to prevent failure because the 
safe operating window is reduced. Therefore, according to the elastic plots, more mud 
weight is required to prevent borehole collapse and less mud weight to initiate hydraulic 
fracturing. On the other hand, the poroelastic solution allows less mud weight to be used 
to avoid active shear failure and more mud pressure to avoid hydraulic fracturing. This 
may be useful information while drilling in regions with a tight operating window because 
by considering poroelastic effects, the operating window may expand enough the permit 
drilling. It can also be seen from Figures 69and 70 that the elastic solution does not reflect 
the time dependence of the required mud weight.
Mohr-Coulomb versus Drucker-Prager Shear Failure Criteria
There is no consensus as to which shear failure criteria are most accurate in predicting 
shear failure. Thus, the model allows the user to choose the criteria to be used in an analysis. 
Furthermore, since all of the plots depicting mud weight versus borehole inclination 
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Figure 69. Mud weight vs /3 for elastic and poroelastic cases, permeable wall, <f> =  0°, 
t =  0.001 day, r /a  =  1.0.
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Figure 70. Mud weight vs 0  for elastic and poroelastic cases, permeable wall, <p =  90°, 
t — 0.001 day, r /a  — 1.0.
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necessary to compare the Drucker-Prager and Mohr-Coulomb criteria. The comparison can 
be seen in Figures 71 and 72, which represent active and passive shear failure, respectively.
It is evident from the figures that the Mohr-Coulomb and Drucker-Prager shear failure 
criteria prediction vary quite significantly. In fact, it can be seen in Figure 71 that the Mohr- 
Coulomb criterion predicts that it will be necessary to use a mud weight that is nearly 
twice that predicted by the Drucker-Prager criterion. Furthermore, passive shear failure, 
as predicted by the Mohr-Coulomb criteria, will occur at a lower mud weight than that 
predicted by the Drucker-Prager criterion. This is in agreement with previously published 
reports (e . g McLean and Addis, 1990; Boresi et al., 1993) which indicate that the Mohr- 
Coulomb criterion is more conservative (i.e., safe operating zone is reduced) while the 
Drucker-Prager criterion leads to an overestimate of the formation shear strength. Another 
interesting feature that comes out of Figures 71 and 72 is the effect of time. It can be seen 
from the figures that increasing time tends to reduce the mud weight window by «  200 
kg/m3 (100 kg/m3 from active and passive curves). However, after 1 day the reduction 
is minimal and the safe operating zone stabilizes. This represents the approximate time 
at which the pore pressure at the wall reaches a “pseudo steady state” (i.e., qi becomes
constant).
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Figure 71. Mud weight required to prevent active shear failure versus /? at various times 
using Drucker-Prager (D-P) and Mohr-Coulomb (M-C) shear failure criteria, permeable 
wall, (j) =  0°, r /a  =  1.0.
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Figure 72. Mud weight required to prevent passive shear failure versus f3 at various times 
using Drucker-Prager (D-P) and Mohr-Coulomb (M-C) shear failure criteria, permeable 
wall, 0 =  0°, r /a  =  1.0.
CHAPTER 7
SENSITIVITY ANALYSES
A sensitivity analysis is useful for examining the effects of various input parameters 
and wellbore boundary conditions. Plots of the pore pressure and total radial, tangential, 
and axial stresses as a function of normalized radial distance are used to illustrate the 
changes in the stress state near the wellbore resulting from variations in input parameters. 
The corresponding changes to the safe operating zone are also examined. The analysis is 
carried out in three parts: (1) poroelastic, (2) chemo-poroelastic, and (3) poro-thermoelastic 
parameters.
Poroelastic Constants
The constitutive response of a poroelastic material can be characterized by five material 
constants (Detoumay and Cheng, 1988): (a) two elastic constants E  and u (or K), (b) the 
permeability k, and (c) two poroelastic constants a  (or B) and uu (note from Table 1 that B 
can be obtained from Biot’s constant a). These represent the physical parameters that can 
be measured in laboratory experiments. Thus, it is useful to conduct a sensitivity analysis 
to test the influence of the constants E, u, k, a, and vu in field applications. The goal is 
to ascertain whether variation of these material constants will result in significant changes 
in the stress and pore pressure states around the hole. Therefore, several stress and pore 
pressure plots have been generated for various values of E, v, k, a, and uu. If significant
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stress and pore pressure variance is observed in the graphs as a result of varying the current 
input parameter, a plot of the safe operating zone is also generated to examine the effects 
on borehole stability. On the other hand, if little or no stress and pore pressure variance 
occurs in the plots, wellbore stability will not be affected and the graph of the safe operating 
zone was omitted. For the case of an impermeable wellbore, plots are included only if the 
effects of varying the given input parameter is qualitatively different than the permeable 
case. Otherwise, impermeable plots are omitted.
The first parametric study is concerned with varying E  while keeping all other 
parameters constant. However, the selection of E  is limited by the values of B and a  (since 
these are a function of K  and E), which have a realistic physical range of [0,1]. Therefore, 
E  must be chosen so that both B  and a  remain in the physical range. The values of E  used 
in this study are: (1) E  =  9.47 x 103 MPa, (2) E  =  15.0 x 103 MPa, and (3) E =  5.0 x 103 
MPa. Using these values, the corresponding calculated values of B and a  for the selected 
values of E  are remain within their physical ranges, as desired.
The plot of pore pressure versus normalized radial distance for a permeable wellbore is 
shown in Figure 73. As can be seen in the figure, the pore pressure is unaffected by varying 
E  for both times shown. This is also true for the total radial and tangential stresses, which 
are depicted in Figures 74 and 75, respectively. This is expected because an inspection of 
Equations 41, 42, 43, 47, and 48 reveals that the pore pressure and stress expressions do 
not include E  (or G) and, consequently, will not be affected by varying E. Thus, since arr, 
cree, and p  do not change as E  is varied, the plot of a zz and the safe operating zone has been
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omitted. In addition, since the impermeable solutions are also independent of E, the plots 
of pore pressure and total stresses for the impermeable case have also been omitted.
r /  a
Figure 73. Pore pressure vs r /a  for various values of E  at small and large times,
(j) =  p  =  6 =  0°, pw =  14 MPa.
The next constant whose influence is examined is Poisson’s ratio, u, which can range 
from 0 to 0.5. The values of u used in the study are: v =  0.15, 0.24, and 0.30, where 
v  =  0.24 corresponds to the value for the Gulf of Mexico shale example given in Table 5. 
These value were carefully chosen so that v is always less than vu while simultaneously
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Figure 74. Total radial stress vs r /a  for various values o f  E, t =  0.001 day, 0 =  [5 =  9 =
pw =  14 MPa.
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r /a
Figure 75. Total tangential stress vs r / a  for various values o f  E  at small and large times,
0 =  f3 =  6 =  0°,pw =  14 MPa.
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assuring that the calculated values of a  and B  lie between 0 and 1. The pore pressure was 
plotted against r /a  for t — 0.001 and 1 day using various values of u for a permeable and 
impermeable wellbore and are shown in Figures 76 and 77, respectively. It can be seen from 
the figures that the pore pressure changes only slightly at small time and near the wellbore 
as v is varied. The figures also show that as time increases to 1 day, there is essentially no 
pore pressure change due to the variance of u. The total radial stress, depicted in Figure 78, 
remains unchanged as v  changes. On the other hand, the total tangential and axial stresses, 
plotted in Figures 79 and 80, indicate that varying v results in a significant stress change near 
the wellbore. This translates into an expansion of the safe operating zone as the difference 
between v and vu decreases and a reduction as the difference increases, as shown in Figures 
81 and 82. This can be attributed to the fact that as v —► vu (recall that vu =  0.31 for this 
example) the poroelastic effects owing to loading modes 2 and 3 become less dominant and 
the solution resembles the elastic solution. In particular, the fluid diffusivity, c/, approaches 
zero, which implies that the induced pore pressure and stresses also go to zero because the 
undrained and drained rock responses are identical (i.e., rock behavior does not change 
with time). The difference between v  and vu also affects the poroelastic stress coefficient 
Tj (also referred to as the backstress coefficient), which is used in the stress equations. It 
is calculated from a  or B as well as u and uu using the expression given in Table 1. Cui 
et al. (1999) noted that increasing r/ (i.e., increasing vu — v) will yield a larger difference 
between the small time and large time solution due to the increased “backstress” generated 
by poroelastic mechanisms. Hence, as the backstress is increased, the potential for failure 
is reduced. A comparison of Figures 81 and 82 clearly indicates that increasing rj results in
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a larger difference between small and large time solutions. Thus, the results shown here are 
in agreement with the results reported by Cui et al. (1999).
Figure 76. Pore pressure vs r /a  for various values of u at small and large times, permeable 
wall, (j> =  (3 — 9 — 0°, pw =  14 MPa.
Another important input parameter that needs to be examined is the permeability 
coefficient, k. For convenience, it is useful to describe the formation permeability in terms 






Figure 77. Pore pressure vs r /a  for various values of u at small and large times, 
impermeable wall, (f> =  (3 — 6 =  0°, pw =  14 MPa.
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Figure 78. Total radial stress vs r / a  for various values o f  u, permeable wall,
(j) =  (3 =  e =  0°, pw =  14 MPa, t =  0.001 day.
158
Figure 79. Total tangential stress vs r /a  for various values o f v at small and large times,













Figure 80. Total axial stress vs r /a  for various values o f u at small and large times,
permeable wall, 4> — /3 =  6 — 0°, pw =  14 MPa.
1 6 0
Figure 81. Mud weight versus 0 for various values of u, permeable wall, (f) =  0°, t — 0.001 
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Figure 82. Mud weight versus /3 for various values of u, permeable wall, 0 — 0°, t — 1 day, 
r /a  =  1.0.
162
in which fi viscosity of the pore fluid (which is usually considered to be pure water). The 
intrinsic permeability does not appear in Equations 41, 42, 43, 47, and 48 but is indirectly 
included via the fluid diffusivity coefficient, c/. Therefore, if the permeability is low the 
fluid diffusivity is also low. The implication of this is that for low permeability rocks, 
poroelastic effects occur over a longer period of time (versus high permeability rocks). 
This effect can be seen in Figure 83, where the pore pressure is plotted as a function of 
normalized radial distance for a permeable wellbore using selected values of k (5.61 x 10-6, 
5.61 x 10~8, 5.61 x 10~10). The figure clearly shows that higher permeability rocks (i .e., 
higher k) exhibit a faster pore pressure increase, as expected. In essence, the formation 
permeability only affects the time scale of pore pressure generation and not the magnitude 
of pore pressure generation. Furthermore, the pore pressure drop (or increase at 9 =  90°) 
due to deviatoric loading is absent as k is increased (even at small time). This is also true 
if the wellbore wall is impermeable, as indicated in Figure 84. However, the variation 
in pore pressure due to varying k is less pronounced for the impermeable case. Figures 
85-87 indicate that the total radial stress shows very little variation as k, changes whereas 
the tangential and axial stresses change slightly. The plot of the safe operating zone of a 
permeable wellbore, which is depicted in Figure 88, shows that increasing k reduces the 
safe operating zone and vice versa. If the wellbore is impermeable, it can be seen from 
Figure 89 that increasing k shifts both the lower and upper bounds of the safe operating 
zone downward whereas decreasing k shifts the zone upward. The discrepancy is again 
attributed to the boundary condition imposed at the wellbore.
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Figure 83. Pore pressure vs r /a  for various values o f k at various times, permeable wall,
<t> =  P =  9 =  0°, pw =  14 MPa.
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Figure 84. Pore pressure vs r /a  for various values o f  k at various times, impermeable wall,
(j) =  p  =  e =  0°, pw =  14 MPa.
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Figure 85. Total radial stress vs r /a  for various values o f k, permeable wall,
4> =  /3 =  e =  0°, pw =  14 MPa, t =  0.001 day.
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Figure 86. Total tangential stress vs r /a  for various values o f  k at various times, permeable
wall, (f) =  (3 =  6 — 0°, pw — 14 MPa.
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Figure 87. Total axial stress vs r /a  for various values o f  n at various times, permeable wall,
(j) =  (3 =  e =  0°,pw =  14 MPa.
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Figure 88. Mud weight vs /3 for various values of k, permeable wall, 4> =  0°, t =  0.001
day, r /a  =  1.0.
The remaining two input variables are a  and uu. Biot’s coefficient, a , is also obtained 
from laboratory tests and is detennined by measuring the volumetric deformation of the rock 
and the corresponding pore fluid pressure. The undrained Poisson’s ratio, uu, is obtained 
from an undrained uniaxial compression test. Since these are both experimentally derived 
constants, obtaining their in-situ values may be difficult due to degradation of core samples, 
human error, etc. Thus, it is necessary to examine the effects of varying a  and uu, separately, 
while holding all other input variables constant. For this study, the three values of a  used 
are: 0.2, 0.395, and 0.8 and the three values of v u used are: 0.25, 0.31, and 0.40. It is noted
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Figure 89. Mud weight vs (3 for various values of k, permeable wall, <j) =  0°, t =  0.001 
day, r /a  =  1.0.
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that a  =  0.395 and uu =  0.C1 are those given for the Gulf of Mexico shale example (from 
Table 5). Following the same strategy employed above, plots of pore pressure versus r /a  
were generated for various values of a  and vu.
The plot o f pore pressure against r /a  using a  as the variant is shown in Figure 90 for the 
permeable case and Figure 91 for the impermeable case. It can be seen from the figures that 
for both times indicated, the pore pressure does not change as a  is varied. This is also the 
case for the total radial and tangential stresses, as indicated in Figures 92 and 93. However, 
it can be seen from Figure 93 that the total axial stress is slightly changed when a  is varied, 
as expected (see Equation 47). This slight variance translates into a slight variation in the 
lower bound of the safe operating zone depicted in Figure 95. In particular, increasing m 
implies that a higher mud weight is needed to avoid borehole collapse (active shear failure) 
and vice versa.
A parametric study using Skempton’s pore pressure constant, B, was also conducted. 
It can be seen from Figures 96-100 that increasing B  will enhance the poroelastic effect 
whereas decreasing B reduces the poroelastic effect. This was expected because B  is a 
measure of the change in pore pressure as a result of a change of an applied load. Therefore, 
a higher value of B will induce a greater pore pressure change. In terms of wellbore stability, 
Figure 101 illustrates that increasing B (i.e., enhancing pore pressure effects) reduces the 
mud weight window and decreasing B expands the window.
The remaining poroelastic input parameter is uu. It can be seen from Figure 102 that 
varying uu has only a slight impact on the pore pressure at small time, which becomes 
negligible with time. Thus, the plots of the total radial, tangential, and axial stresses depicted
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Figure 90. Pore pressure vs r /a  for various values o f  a  at various times, permeable wall,
<j) =  P =  6 =  0°, pw =  14 MPa.
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Figure 91. Pore pressure vs r /a  for various values of a  at various times, impermeable wall,
<p =  p  =  0 =  0°, pw =  14 MPa.
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Figure 92. Total radial stress vs r/o, for various values o f a, permeable wall,
(ft =  ft =  6 =  0°, pw =  14 MPa, t =  0.001 day.
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Figure 93. Total tangential stress vs r /a  for various values o f  a  at various times, permeable
wall, (f) =  (3 =  0 — 0°, pw =  14 MPa.
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Figure 94. Total axial stress vs r /a  for various values o f a  at various times, permeable wall,
0  =  (3 =  e =  0°, pw =- 14 MPa.
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Figure 95. Mud weight vs j3 for various values of a, permeable wall, <fi — 0°, t =  0.001 
day, r /a  =  1.0.
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Figure 96. Pore pressure vs r /a  for various values o f  B  at various times, permeable wall,
0  =  p  =  e =  0°, pw =  14 MPa.
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Figure 97. Pore pressure vs r /a  for various values o f  B  at various times, impermeable wall,
cj) =  (3 =  9 =  0°, pw =  14 MPa.
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Figure 98. Total radial stress vs r /a  for various values o f  B at various times, permeable
wall, (j) =  P =  0 =  0°, pw =  14 MPa.
1 8 0
Figure 99. Total tangential stress vs r /a  for various values o f  B at various times, permeable
wall, (j) =  (3 =  6 =  0°, pw =  14 MPa.
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Figure 100. Total axial stress vs r /a  for various values o f B  at various times, permeable
wall, 4> =  (3 — 9 =  0°, pw =  14 MPa.
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Figure 101. Mud weight vs (3 for various values of B, permeable wall, 0 =  0°, t =  0.001 
day, r / a — 1.0.
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in Figures 104-106 are shown for small time only. It can be seen from these figures that 
the total radial stress is invariant while the total tangential and axial stresses vary quite 
significantly near the wall. Thus, two graphs indicating the safe operating zone (at two 
separate times) with a variance of vu were plotted and are shown in Figures 107 and 108. 
As can be seen in the figures, decreasing vu (i.e., decreasing the difference between u 
and vu) reduces the safe operating zone whereas increasing vu tends to expand the safe 
operating zone. Again, this is attributed to the fact that as vu is decreased (so that uu —> u) 
the poroelastic effects become insignificant. In fact, a comparison of Figures 81 and 107 
(or Figures ?>2 and 108) reveals that they are qualitatively the same (but not quantitatively). 
That is, it is apparent in each graph that as v  —> vu (or vice versa) the safe operating zone is 
reduced but increases as u and uu diverge. Further comparison of Figures 81 and 107 reveals 
that the increase in the safe operating window is greatest when vu increases relative to v 
for both shear and tensile failure. This phenomenon can be attributed to the fact that both 
graphs are shown for small time (i.e., undrained rock response). As time increases to 1 day, 
a comparison of Figures 82 and 108 shows that the undrained rock response is dominant and 
the expansion of the safe operating zone is lessened (quantitatively). Hence, the difference 
between u and uu will govern the magnitude of the initial pore pressure generation. This is 
in agreement with the results reported by Cui et al. (1999).
Chemo-poroelastic Constants
The chemical potential, defined mathematically as pw =  p +  $ RTy"ayj +  pG , is a 
function of Vw, R, T, aw, and p. The constants Vw and R. denote the partial molar 
volume of water and the universal gas constant, respectively, and therefore, are assumed
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Figure 102. Pore pressure vs r /a  for various values o f  uu at small and large times, permeable
wall, 4> =  (3 =  9 — 0°, pw =  14 MPa.
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Figure 103. Pore pressure vs r /a  for various values o f  uu at small and large times,
impermeable wall, (j) =  (3 =  6 — 0°, pw =  14 MPa.
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Figure 104. Total radial stress vs r /a  for various values o f uu, t =  0.001 day, permeable
wall, cf> =  0  =  9 =  0°, pw =  14 MPa.
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r /  a
Figure 10^ Total tangential stre:- /a  for various values of uu, t =  0.001 day, permeable 
wall, (j) =  /j — 0 — 0°, pw =  14 MPa.
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Figure 106. Total axial stress vs r /a  for various values of uu, t =  0.001 day, permeable 
wall, <p =  0  =  9 =  0°, pw =  14 MPa.
189
Figure 107. Mud weight versus (3 for various values of vu, permeable wall, 0 — 0°, 
t =  0.001 day, r /a  =  1.0.
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Figure 108. Mud weight versus (3 for various values of uu, permeable wall, <f> =  0°, t =  
day, r /a  =  1.0.
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to remain constant. In addition, if one considers only the isothermal case, at a given pore 
pressure the remaining variables are the reflection coefficient 5ft and the activity of the fluid 
aw. The reflection coefficient is an indication of the efficiency of the shale as an osmotic 
membrane, with 5ft =  1.0 representing 100% efficiency. A membrane exhibiting 100% 
efficiency is often referred to as a “perfect or ideal” membrane.
The impacts of varying the reflection coefficient on the pore pressure versus distance 
is displayed in Figure 109 for small time. It is easy to see from the figure that the curve 
corresponding to 5ft — 1.0 shows the greatest pore pressure increase while the pore pressure 
increase for the case of 5ft =  0.1 is minimized. This was expected because, according 
to the expression for pw, the chemical potential is maximized when 5ft =  1.0. If 5ft is 
less than one, a lesser fraction of fluid flow is permitted. Thus, a reflection coefficient 
of 1.0 can be viewed as the worst case scenario in terms of the movement of water due 
to chemical osmosis. Hence, all subsequent chemo-poroelastic failure analyses will use 
5ft =  1.0. However, it should be noted that shales typically exhibit a membrane efficiency 
that can be much less than 100%, with the efficiency depending on the size of solutes, pore 
throat radii, magnitude of the in-situ stresses, temperature, and initial pore pressure (van 
Oortet. al., 1996).
The remaining chemo-poroelastic constant is the water activity of the drilling fluid. If 
the water activity of the mud exceeds that of the pore fluid, the net flow of water is into the 
formation. The goal is to ascertain the optimum mud salinity (in terms of wellbore stability) 
within the given activity range. The water activity of the drilling fluid can be decreased by 





















Figure 109. Pore pressure vs r / a  for various values of 6, t =  0.001 day, <fr — /3 =  9 =  0°, 
pw =  14 MPa, <  =  -0.02,3? =  1.0.
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may eventually lead to dehydration of the formation. In this study, it is assumed that the 
shale activity, a™h, is 0.9 and that three salts can be added to increase salinity, namely NaCl, 
CaCl2, and KC1. The water activity is then calculated based on salt type and percentage in 
the mud using the following expressions (Hale and Mody, 1992):
CaCl2 =  1 -  0.00065 •% salt -  0.000438 • (% salt)2 +  (78)
0.00000281 • (% salt)3 -  0.0000000265 • (% salt)*
KC1 =  0.99999 -  0.003443 • % salt -  0.00009691 • (% salt)2 
NaCl =  1 -  0.00451 • % salt -  0.000199 • (% salt)2
where the above expressions are valid only at 20°C.
The sensitivity analysis for water activity is conducted by assuming the use of CaCl2 
drilling mud type for a vertical wellbore drilled in the Gulf of Mexico shale. The water 
activity of the shale a™h was assumed to be 0.90 and the water activity of the mud a™ was 
varied from 0.92 («  16% salt concentration) to 0.84 («  26% salt concentration) by an 
increment of —0.02. The plot of pore pressure versus r /a  (Figure 110) reveals that for 16% 
salt concentration (i.e., =  a™h +  0.02), the pore pressure at the wall increases by rs 3
MPa. However, as salinity increases the activity is lowered and the pore pressure decreases, 
resulting in a decrease in the effective stresses (Figures 111 and 112). This was expected 
because the process of chemical osmosis is driving water out of the formation, reducing the 
pore pressure.
The decrease in pore pressure with increasing salinity immediately suggests that the 
potential for tensile and shear failure is reduced. In fact, it was shown previously (Figure 59)
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Figure 110. Pore pressure vs r /a  for various aw, (p =  (3 =  0 — 0°, pw =  14 MPa, t =  0.001 
day, 3? =  1.0.
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Figure 111. Effective radial stress vs r ja  for various aw, 0 =  (3 — 6 — 0°, pw — 14 MPa, 
t =  0.001 day, 3ft =  1.0.
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r / a
Figure 112. Effective tangential stress vs r /a  for various aw, (j) =  /3 =  d — 0°,pw — 
MPa, t =  0.001 day, 3? =  1.0.
197
that the potential for tensile failure due to excessive wellbore pressurization will be reduced 
as salinity increases. The potential for shear failure is also reduced, at least initially, by an 
increase in mud salinity. This is illustrated nicely in Figures 113-117, where Mohr’s circles 
and salinity curves according to the Drucker-Prager shear failure criterion are presented. 
It is clear from Figures 113-116 that reducing the mud activity tends to reduce the size of 
Mohr’s circles and also shift them to the right. The size reduction and right shift causes the 
circle to move farther away from the failure envelope, indicating less potential for shear 
failure. In terms of the Drucker-Prager criterion, inspection of Figure 117 reveals that a 
lower mud weight requires a higher salinity to avert shear failure. However, increasing 
salinity too much can result in the generation of shear stresses, which will have a negative 
effect on the mitigation of shear failure. This phenomenon is in agreement with the results 
reported by Hale and Mody (1992) and Ghassemi et. al. (1999).
To further validate this point, two previously published numerical examples have been 
considered. The examples are: Ghassemi et. al. (1999) and Cui et. al. (1997) and their 
input parameters are given in Table 9. For both examples, a plot similar to Figure 117 
was generated to view the effects of increasing salinity on Drucker-Prager shear failure 
potential and are shown in Figures 118 and 119. From Figure 118, it can be seen that a 
salinity of 22 -  24% reduces the shear stress to an optimum value (in terms of the Drucker- 
Prager shear failure envelop) whereas 26% salinity creates additional shear stresses and an 
increased potential for shear failure. Likewise, the salinity plot for example 6 (Figure 119) 
indicates that for a mud pressure of 10 MPa and mud salinity of «  19% or less, shear failure 
is imminent. However, if the salinity is increased to 20%, shear failure can be avoided.
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Effective Stress, MPa
Figure 113. Effects o f  chemical osmosis on M ohr’s circles, t =  0.001 day, 0 =  (5 =  6 — 0°,
pw =  0, =  1.0, r /a  — 1.0.
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Figure 114. Effects o f  chemical osmosis on M ohr’s circles, t =  0.001 day, cp =  (3 =  6 =  0°,
pw =  14 MPa, R =  1.0, r /a  =  1.0.
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Effective Stress, MPa
Figure 115. Effects o f  chemical osmosis on M ohr’s circles, t =  0.001
<i) = 0 =  e =  90°, pw =  14 MPa, 3® =  1.0, r /a  =  1.0.
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Effective Stress, MPa
Figure 116. Effects o f chemical osmosis on M ohr’s circles, t =
4 =  13 =  6 =  90°, pw =  14 MPa, 3? =  1.0, r /a  =  1.0.
0.001
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Figure 117. Drucker-Prager salinity failure curves for selected pw, t =  0.001 day,
=  (3 =  9 =  0°, & =  1.0, r /a  =  1.0.
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According to Figure 119, it can be seen that the optimum salinity (in terms of shear failure)
is «  22%.
For the drilling engineer, it is useful to know the optimum salinity that can be used at all 
wellbore trajectories. Therefore, plots depicting the optimum mud salinity (using CaCl2) 
as a function of wellbore inclination were generated for examples 5 and 6 and are shown 
in Figures 120 and 121, respectively. The figures indicate that less salinity is needed when 
the mud weight is increased and vice versa. This is expected because increasing the mud 
salinity will increase the effective stress state in the rock thereby lowering the potential for 
shear failure. It can be observed in Figure 120 that the maximum mud salinity occurs at a 
wellbore inclination of approximately 20°. This is due to excessive shear stresses on the 
wellbore wall. In addition, Figure 121 also indicates that low angle wells require a higher 
salinity to optimally minimize the potential for active shear failure. This phenomenon can 
be explained by comparing Figures 121 and 50. Figure 50 indicates an increased potential 
for shear failure near the vertical position. Hence, one would expect that additional mud 
salinity would be required to reduce active shear failure potential. Indeed, Figure 121 clearly 
shows that the optimum mud salinity decreases with increasing borehole inclination for all 
wellbore pressures shown.
Poro-thermoelastic Constants
The poro-thermoelastic constants used in the poro-thermoelastic stress and pore 
pressure equations are the volumetric expansion coefficients of the matrix and pore fluid 
a Tf , the thermal diflfusivity cT, and a thermoelastic constant c/t. In this thesis, it is assumed 
that the pore fluid is pure water so that a Tf will not vary. Therefore, it was excluded from
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Table 9. Input parameters for examples 5 and 6.
Variable Units Ex. 5 Ex. 6
G Pa 7.63 x 108 " 7.6 x 108
B - 0.55 0.915
a - 0.76 0.968
V - 0.20 0.219
V u - 0.31 0.461
K Darcy/cp 7.6 x 10~8 1.53 x 10~8
Cf m2/sec 2.14 x 10-7 1.78 x 10-7
T o MPa 0.0 0.0
m d - 0.11 0.1
b MPa 7.0 18.0
(7 y MPa/km 19.46 25.0
<?H MPa/km 18.78 29.0
<?h MPa/km 18.78 20.0
Po MPa/km 15.39 9.8




Figure 118. Drucker-Prager salinity failure curves for example 5 , t — 0.001 day,
0 =  0 =  e =  0°, pw =  7.1 MPa, 3? =  1.0, r /a  =  1.0.
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Figure 119. Drucker-Prager salinity failure curves for example 6 , t =  0.001 day,











Figure 120. Optimum salinity for various mud pressures that can be used to avoid active 












Figure 121. Optimum salinity for various mud pressures that can be used to avoid active 
shear failure vs /3 for example 6, cp =  0°, t =  0.001 day, 5ft =  1.0, r /a  =  1.0.
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the sensitivity analysis. In addition, a jn was excluded from the analysis because in general, 
rock expansion coefficients are quite small. Therefore, any small variances in a ^  will not 
greatly affect the stress and pore pressure distributions. Furthermore, all graphs shown are 
for the case of wellbore heating.
The first poro-thermoelastic constant investigated was the thermal diffusivity 
coefficient ct. The thermal diffusivity can be thought of as a measure of the rate of 
heat dissipation into the rock. It can be seen from Figures 122 and 123 that an order of 
magnitude variance in ct results in a significant pore pressure change, regardless of the 
boundary conditions at the wall. This is also true for the total stresses, which are plotted 
in Figures 124-126. The plot of total tangential stress, shown in Figure 125, exhibits a 
peculiar behavior for ct =  1.6 x 10~6 m2/sec and small time near the wall. With reference 
to the figure, it can be seen that the tangential stress increases initially just inside the rock, 
then decreases, and then increases again. This behavior is attributed to differential thermal 
expansion of the material as it becomes heated. For example, heating of the wellbore 
induces compressional stresses near the wall. However, the rock away from the wall is 
cooler and is not subjected to the compressive stresses (until later time). Therefore, the 
expansion of the rock near the hole imposes a tensile circumferential stress on the rock away 
from the wellbore which lowers the stress. This tendency decreases with time, distance, 
and increasing thermal diffusivity, as indicated in Figure 125. The impacts of varying ct on 
the safe operating zone are represented in Figures 127 and 128, respectively, for analyses 
conducted at the wall of a permeable and impermeable wellbore. The figures reveal that 
varying ct does not affect the stability of a permeable wellbore but does significantly alter
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the mud weight window of an impermeable wellbore. The fact that the support requirement 
for the permeable wellbore is unchanged by varying cT was expected because according 
to Figure 122, the pore pressure does not change at the wall (i.e., pp — pw at r  =  a). 
However, the potential for radial spalling inside the rock will increase if cT is increased. 
For the impermeable wellbore, it is evident from Figure 128 that increasing ct will reduce 
the operating window implying that additional mud weight will be needed to prevent active 
shear failure and radial spalling while less mud weight will be needed to hydraulically 
fracture the formation. This is attributed to the effective stress change due to a change in 
the pore pressure distribution around the wellbore as a result of increased heat transmission 
due to a higher value of c r .
The remaining thermoelastic constant to be considered in this analysis is c/t, which 
is a function of a a Tf , a, and the initial formation porosity 4>0. Following the strategy 
employed above, plots of pore pressure, total stresses, and the corresponding safe operating 
zones were generated for the case of heating. As can be seen from Figures 129 and 130, 
there is a slight variance in the pore pressure as c/t is varied. In fact, for the impermeable 
wellbore the pore pressure at the wall varies quite significantly. As a result of the pore 
pressure variation, the total stresses also change as slightly as cft is varied, as illustrated in 
Figures 131-133. In terms of wellbore stability, it is evident that increasing c/t results in a 
reduction of the safe operating zone of the impermeable wellbore whereas the permeable 
wellbore is unaffected. This is due to the fact that the effective stress state at the wall is not 
altered for the permeable case as c/t is varied.
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Figure 1 2 2 .  Pore pressure vs rfa  for various values o f  cT at various times, permeable wall,
<f> =  (3 =  e =  0 ° ,  pw =  14 MPa, A T  =  + 2 0 °C.
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Figure 123. Pore pressure vs r /a  for various values o f cT at various times, impermeable
wall, cj) =  (5 =  0 =  0°, pw =  14 MPa, A T  =  + 2 0°C.
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Figure 124. Total radial stress vs r /a  for various values o f  ct at various times, permeable
wall, cj) =  (3 =  9 =  0°, pw =  14 MPa, A T  =  +20°C .
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Figure 125. Total tangential stress vs r /a  for various values o f cT at various times,
permeable wall, <£ =  /? =  9 =  0°, pw =  14 MPa, A T  =  +20°C \
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Figure 126. Total axial stress vs r /a  for various values o f  c-r at various time' ’m e ab le
wall, (t> =  (3 =  9 =  0°, pw =  14 MPa, A T  =  + 20°C.
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Figure 127. Mud weight versus (3 for various values of cT, permeable wall, 4> =  0°, 
t =  0.001 clay, AT =  +20°C', r /a  =  1.0.
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Figure 128. Mud weight versus (3 for various values of cy, impermeable wall, 0 =  0°, 
t =  0.001 day, A T  =  +10°C, r /a  =  1.0.
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Figure 129. Pore pressure vs r /a  for various values o f c / r  at various times, permeable wall,
<f> =  0  =  9 =  0°, =  14 MPa, A T  =  +20°C .
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Figure 130. Pore pressure vs r /a  for various values o f  CfT at various times, impermeable
wall, (j) =  0  =  0 =  0°, pw =  14 MPa, A T  =  +20°C .
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Figure 131. Total radial stress vs r /a  for various values o f  cjT at various times, permeable
wall, 0  =  p  =  9 =  0°, pw =  14 MPa, A T  =  +20°C .
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Figure 132. Total tangential stress vs r /a  for various values o f cfT at various times,
permeable wall, <f> =  (3 — 9 — 0°, pw =  14 MPa, A T  =  +20°C'.
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Figure 133. Total axial stress vs r /a  for various values o f  cfT at various times, permeable
wall, (p =  0  =  9 =  0°, pw =  14 MPa, A T  =  +20°C .
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Figure 134. Mud weight versus /3 for various values of c/(, permeable wall, <fi =  0°, 
t =  0.001 day, A T =  +20°C', r /a  =  1.0.
Figure 135. Mud weight versus (3 for various values of c/t, impermeable wall, 0 =  0°, 
t =  0.001 day, A T  =  +10°C, r /a  =  1.0.
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Role of In-Situ Stresses and Pore Pressure
In the preceding sensitivity studies, it was shown that varying the poroelastic constants 
can result in a significant change in the mud weight window. However, those results were 
restricted to a specific example, namely a typical Gulf of Mexico shale. The Gulf of 
Mexico shale example was used assuming a tectonically-active stress regime where the 
in-situ horizontal stress difference is quite large. As was shown previously, the magnitude 
of induced pore pressure near the wellbore can also be quite large (particularly at small 
times), depending on the poroelastic properties of the rock. However, the plots generated 
previously do not address the role of in-situ stresses and pore pressure on the magnitude 
of induced pore pressure (and stresses). Thus, several plots (Figures 137-141) depicting 
the pore pressure as a function of normalized radial distance have been generated for a 
vertical wellbore using various in-situ stress and pore pressure values. It can be seen from 
Figures 138 and 139 that the initial pore pressure change near the wellbore is enhanced 
as the deviatoric stress (SQ- the horizontal stress difference in this case) is increased and 
vice versa. However, the figures also reveal that the large time pore pressure profiles are 
identical. This implies that the enhanced pore pressure difference is short-lived and that the 
long-term pore pressure field is independent of the deviatoric stress.
In addition to the deviatoric stress, the role of the virgin pore pressure and wellbore 
pressure on the pore pressure field near the wellbore should also be examined. This is done 
using the virgin pore pressure as the variable in Figures 138-139 and using the wellbore 
pressure as the variable in Figures 140-141. lit can be seen from Figures 138 and 140 for a 
permeable wellbore, the initial pore pressure drops inside the rock and approaches the far-
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Figure 136. Pore pressure vs r / a for various values o frjH at various times, permeable wall,<l> = (3 = e = o°.
field value away from the wellbore. The magnitude of the pore pressure drop increases when
P° is decreased relative to Pw (as in Figure 138) or when Pw is decreased relative to P° (as
in Figure 140). This is to be expected because of the hydraulic overbalance/underbalance
(pw -  po) develops as well as the effects of deviatoric loading. For an impermeable
wellbore, Figures 139 and 141 show that the maximum pore pressure change occurs at
the wall and at small time, as observed previously These figures also illustrate that the
magnitude of the pore pressure change at the wall is independent of P° and Pw. This is also
expected because pore pressure (mode 2) loading is absent.
Figure 137. Pore pressure vs r /a  for various values of a H at various times, impermeable 
wall, 0  =  =  9 — 0°.
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Figure 138. Pore pressure vs r /a  for various values of pa at various times, permeable wall,
(P = p = e = o°.
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Figure 139. Pore pressure vs r /a  for various values o f pQ at various times, impermeable
wall, (j) =  (3 — 0 =  0°.
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Figure 140. Pore pressure vs r /a  for various values o f  pw at various times, permeable wall,
0  =  0  =  0 =  0 ° .
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Figure 141. Pore pressure vs r /a  for various values o f  pw at various times, impermeable
wall, =  (3 =  0 =  0°.
CHAPTER 8
CONCLUSIONS/FUTURE WORK
A borehole stability design code has been developed to optimize mud weight, salinity, 
and temperature when drilling in fluid-saturated rocks. The model is based on the fully- 
coupled poroelastic theory extended to chemically-active rocks (such as shales) as well as 
non-isothermal conditions. The model allows the user to choose either the Drucker-Prager 
or Mohr-Coulomb criterion to analyze for shear failure and can be applied to wellbores with 
permeable or impermeable walls. To account for hydraulic, chemical, and thermal loading, 
three sets of equations representing the non-chemical isothermal case, chemically-active 
isothermal case, and chemically-inert non-isothermal case have been derived. A numerical 
example has been used to calculate the stress and pore pressure fields around a wellbore. 
Contrary to elastic analyses, the results demonstrate that the fully-coupled poroelastic model 
yields a time-dependent pore pressure and stress distribution around the wellbore. The 
model also shows that at the instant of drilling, there is a maximum pore pressure increase 
or decrease inside the rock for the permeable case and at the wall for the impermeable. It has 
been shown that the pore pressure field is initially dependent on the borehole angle, leading 
to a short-lived circumferential pore pressure flow around the wellbore. As expected, the 




The borehole stability design code has been used to conduct analyses consisting of using 
the effective stresses and pore pressure around the wellbore, at a given borehole trajectory 
and wellbore pressure, to calculate shear and tensile failure functions. In this model, me 
wellbore pressure is incrementally increased until the roots of the functions are found. The 
roots of these functions represent the wellbore pressure at which failure is initiated. The 
entire process is then repeated at a different wellbore trajectory, as specified by the user. The 
output from the model consists of a plot indicating the minimum and maximum mud weight 
that can be used to avoid shear and tensile failure as a function of borehole inclination.
The model has been used to conduct wellbore stability analyses. For the examples 
used, it has been found that for a permeable wellbore the safe operating zone is largest 
at the instant of drilling and is reduced as time increases. The ramification of this is 
that there may be time-delayed failure triggered by poroelastic effects. Furthermore, if 
the state-of-stress inside the rock is considered, radial spalling may occur inside the rock 
due to lack of mud pressure. However, experience has shown that this phenomenon is 
typically associated with rapid depressurization of the wellbore and does not usually result 
in significant wellbore instability. If a perfect filter cake is formed on the wellbore wall, 
the wall becomes impermeable and the results point to an upward shift of the safe operating 
zone. This implies that additional mud weight will be required to prevent borehole collapse 
and to initiate hydraulic fractures. As time increases, the potential for shear failure decreases 
while the potential for tensile failure increases.
The effects of chemical osmosis on the effective stress state of a permeable wellbore 
have also been examined (chemical osmosis does not exist if  wellbore is impermeable). The
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results indicate that if the activity of the aqueous phase of the drilling fluid is greater than 
the activity of the pore fluid, hydration of the rock occurs resulting in shale swelling and 
increasing compressive stresses. On the other hand, if the shale pore water activity exceeds 
that of the drilling mud, dehydration of the shale will occur thereby reducing swelling 
and, consequently, compressive stresses. In terms of wellbore stability, the results show 
that decreasing the mud activity ([i.e., increasing mud salinity) is helpful because less mud 
weight is required to mitigate active shear failure and additional mud weight is needed 
to hydraulically fracture the formation. Thus, the net effect is an overall increase in the 
range of mud weights that can be used while drilling. However, caution should be used 
when increasing the salinity because the model also indicates that excessive salinity can 
actually promote shear failure. Therefore, an optimum value of mud salinity can be found 
to minimize the potential for shear failure.
If the effects of thermal loading are considered, it has been shown that the stress and 
pore pressure states near the wellbore are changed significantly. In fact, introducing a 
cooler mud into a relatively warm formation will reduce the near wellbore pore pressure 
and total stresses whereas heating increases the pore pressure and total stresses. In terms 
of the safe operating zone, cooling tends to shift the zone upwards while heating shifts 
the zone downwards. The shift of the safe operating zone due to chemical and thermal 
loading is quite significant, implying that these mechanisms need to be accounted for when 
conducting borehole stability analyses.
The parametric analyses revealed that B, k, a, uu, and v  are critical poroelastic
parameters and m ust be determined properly to obtain an accurate safe operating zone
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prediction. In particular, the study demonstrates that (vu — u) controls the magnitude of 
initial pore pressure generation upon loading, which also directly impacts the range of 
effective stresses as a function of time. Furthermore, it is clear that B controls (indirectly 
through 77) the difference between the large and small time solutions (due to the backstress 
effect) while varying a  yields only a slight variation in the mud weight window. The 
formation permeability, k, controls only the rate of pore pressure diffusion and not the 
magnitude of pore pressure change, as expected. Hence, it only affects the duration of 
poroelastic mechanisms. The remaining input parameter, namely E, does not impact 
wellbore stability because it does not appear in the stress and pore pressure expressions.
The chemo-poroelastic input parameters used in the sensitivity study are 9? and aw. 
The study shows that a shale exhibiting the properties of a perfect membrane (5ft =  1.0) 
allows the greatest transfer of water and, consequently, results in a less stable wellbore. For 
non-ideal shales (5ft < 1 .0), less water is able to flow into or out of the shale and chemical 
loading is reduced thereby decreasing the potential for failure. In addition, the chemo- 
poroelastic sensitivity study reveals that increasing mud activity minimizes the potential 
for shear failure at an optimum mud salinity. If the mud salinity is increased beyond the 
optimum value, shear failure may be triggered as a result of excess shear stresses. The 
other chemo-poroelastic input parameters, namely R, T, and Vw, are generally considered 
to be constant and do not need to be considered in the parametric analysis.
The poro-thermoelastic constants used in the sensitivity study are limited to ct and c /( 
because the volumetric thermal expansion of rock is quite small and since it one can assume 
the pore fluid is always pure water. Plots of the safe operating zone indicate that in general,
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increasing c j  or c /t will increase the potential for both shear and tensile failure because of 
the increased heat diffusivity.
Finally, the results show that the magnitude of the induced pore pressure is controlled 
by the magnitude of the deviatoric stress as well as the virgin pore pressure and wellbore 
pressure (for a permeable hole). In general, an increase in the deviatoric stress leads to a 
greater pore pressure change near the wellbore and at small time. However, the enhanced 
pore pressure change is short-lived so that the long-term pore pressure distribution becomes 
independent of the deviatoric stress. For a permeable wellbore, increasing the difference 
between the wellbore pressure and virgin pore pressure also enhances to the magnitude of 
the initial pore pressure change near the wellbore. This does not apply to impermeable 
wellbores since there is no hydraulic communication between the wellbore and formation.
The model presented here constitutes a major breakthrough in predicting failure of 
swelling shales while drilling because it takes into account the time-dependent response 
of fluid-saturated rocks as well as the effects of chemical osmosis and thermal loading 
on the effective stress state. As is the case in all borehole stability models, there are 
some shortcomings, namely: the assumption of linearly isotropic, homogeneous material 
as well as neglecting ion transfer, plasticity, and thermal osmosis (although not a major 
shortcoming). Thus, it is recommended that future studies be conducted which consider 






































activity of drilling mud 
activity of pore fluid in shale 
Skempton’s pore pressure coefficient 
Drucker-Prager material constant 




Elastic or Young’s modulus 
solid strain 
shear modulus
Biot constant measuring solid strain due to change in pore pressure 
heat flux
Biot constant measuring solid strain due to change in pore pressure





bulk modulus of fluid
bulk modulus of the solid matrix
modified Bessel’s functions of the second kind, order zero 
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between z' and 2 axes
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temperature of drilling mud 
initial formation temperature 
tensile strength of the rock 
ith component of displacement 
bulk volume 
volume of pore fluid 
pore volume
partial molar volume of water 
Biot’s coefficient
volumetric thermal expansion coefficient of the fluid




thermal conductivity of the rock
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chemical potential
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rotated borehole angle 
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